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Let F be the underlying base field of characteristic p > 3 and denote by W and S 
the even parts of the finite-dimensional generalized Witt Lie superalgebra W and 
the special Lie superalgebra S, respectively. We first give the generator sets of the 
Lie algebras W and S. Using certain properties of the canonical tori of W and S, 
we then determine the derivation algebra of W and the derivation space of S to W, 
where W is viewed as 5-module by means of the adjoint representation. As a re- 
sult, we describe explicitly the derivation algebra of S. Furthermore, we prove that 
the outer derivation algebras of W and S are abelian Lie algebras or metabelian 
Lie algebras with explicit structure. In particular, we give the dimension formulae 
of the derivation algebras and outer derivation algebras of W and S. Thus we may 
make a comparison between the even parts of the (outer) superderivation algebras 
of W and S and the (outer) derivation algebras of the even parts of W and 5, 
respectively. 

Keywords: Derivation algebra; outer derivation algebra; torus; modular Lie super- 
algebras 

Mathematics Subject Classification 2000: 17B50, 17B40 

0. Introduction 



This paper considers finite-dimensional Lie algebras and Lie superalgebras over a field 
of prime characteristic. As is well known, the theory of Lie superalgebras over a field of 
characteristic zero has obtained plentiful fruits (see [4-5, 14]). But that is not the situa- 
tion for modular Lie superalgebras, for example, the classification of finite-dimensional 
simple modular Lie superalgebras has not been completed. We sketch the recent devel- 
opment for modular Lie superalgebras. As far as we know, [6] may be the earliest paper 
on modular Lie superalgebras, in which the p-structure and 2p-structure for modular 
Lie superalgebras (analogous to p-mappings for modular Lie algebras) are introduced. 
The (restricted) enveloping algebras for modular Lie superalgebras are studied in [12]. 
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The reader is also referred to a paper on Frobenius extensions and restricted modular 
Lie superalgebras (see [3]). In [19] the four families of finite-dimensional Cartan-type 
modular Lie superalgebras X(m,n;t) are constructed and the simplicity and restric- 
tiveness are studied, where X = W, 5, H, or K (These notations and other concepts 
mentioned in this introduction will be further explained in Section 1). These mod- 
ular Lie superalgebras are analogous to both finite-dimensional modular Lie algebras 
of Cartan type and finite-dimensional Lie superalgebras of Cartan type over a field of 
characteristic zero (see [4, 15]). In a recent paper [9] (see also [10]), we consider a new 
family of finite-dimensional simple modular Lie superalgebras of Cartan type, which 
are analogous to neither the finite-dimensional modular Lie algebras of Cartan type, 
nor the finite-dimensional Lie superalgebras of Cartan type over a field of characteris- 
tic zero. It is therefore conceivable that the classification of finite-dimensional simple 
modular Lie superalgebras should not be trivial. For more information on modular Lie 
superalgebras, the reader is referred to [7-12, 19-23]. 

Given any Lie superalgebra g = Qq(£)Qj, then the super derivation algebra of g is also a 
Lie superalgebra, denoted by Der(g) = Derg(g) ©Der-(g). Since q-q is a Lie algebra, one 
can consider the derivation algebra Der^p). A question naturally arises: What are the 
relations between the derivation algebra of the Lie algebra Qq and the superderivation 
algebra of g? More precisely, if we denote still by Derg(g) the Lie algebra consisting of 
restrictions of the even super derivations to q-q, can we assert that Der(gQ-) = Derg(g)? 
Equivalently, can we assert that every derivation of the Lie algebra 0q, the even part of 
g, may extend to a superderivation of the Lie superalgebra g? In this paper, as direct 
consequences of our results, these questions will be answered for the Lie superalgebras 
W and S of Cartan type over a field of prime characteristic. 

Let F be the underlying base field of characteristic p > 3. Let W and S denote the 
even parts of the Lie superalgebras W and S, respectively. In this paper we shall study 
the derivation algebras and the outer derivation algebras of these two Lie algebras in 
a systematic way and one of the main purposes of this paper is to lay the foundations 
for future studies on modular Lie superalgebras of Cartan type. Let £ denote W or 
S, and Der(£, W) the space of derivations of C to VV, where W is viewed as ^-module 
by means of adjoint representation. By our notation, Der(W) = Der(W, W) is the 
derivation algebra of W. Let C = ©j>_i£j be the natural Z-gradation of C. Just as 
in the case of Lie superlagebras W and S of Cartan type, one may prove that any 
derivation in Der(£, W) can be reduced (by modulo a suitable inner derivation) to be 
a derivation vanishing on C—\. However, in contrast to the case of Lie superalgebras W 
and S of Cartan type, one cannot obtain directly that a derivation vanishing on C-\ 
must be zero, since C is neither transitive nor admissibly graded in general. Thus it 
is conceivable that the top £_i © Cq will play an important role in the studies on the 
derivations. Indeed, just as we shall see, any two derivations of nonnegative Z-degree 
in Der(£, W) which coincide on the top C-\ © Co differ with only an inner derivation 
(see Corollaries 3.1.5 and 4.1.4), where C = W or S. This motivates us to consider 
whether every derivation of nonnegative Z-degree in Der(£, W) can be reduced to be 
a derivation vanishing on the top. For Der(W) = Der(W, W), using a known result 
which tells us that any homogeneous derivation of nonnegative Z-degree of a centerless 
Z-graded Lie algebra may be reduced to be vanishing on the given torus contained in the 
component of degree zero (see [15, Proposition 8.4, p. 193]), we can obtain the desired 
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result by a brief argument (see Section 3.2). But the same work on the derivation 
space Der(5, W) is more difficult, since we cannot apply the known result mentioned 
above in this case. This observation leads to the study on the exterior algebra A(n) 
and the canonical torus of S (see Corollary 2.1.5), where A(n) is viewed as a module of 
the canonical torus of S in the obvious way. Then it is proved that any homogeneous 
derivation of nonnegative Z-degree in Der(<S, W) can be reduced to be vanishing on the 
canonical torus of S. As a result, we can show that the homogeneous derivations of 
nonnegative Z-degree in Der(£, W) are all inner. By giving the generator set of C, we 
can compute the homogeneous derivations of negative Z-degree. Finally, the derivation 
algebras and the outer derivation algebras of W and S are determined completely; in 
particular, we give the dimension formulae of the derivation algebras of W and S. 

The original motivation for this paper comes from the encouragement of the anony- 
mous referee for the paper [8]. Our work is motivated by the results and methods on 
Lie algebras and Lie superalgebras [2, 15, 17, 23] and based on certain results in [15, 
23] on modular Lie algebras and Lie superalgebras of Cartan type. Certain results of 
this paper are closely parallel to those obtained by Celousov [2]. In particular, we use 
many ideas from [2, 15] and benefit much from reading [13, 18]. For more information 
on derivations of modular Lie superalgebras of cartan type, the reader is referred to [8, 
10-11, 17, 23]. 

The paper is organized as follows. In Section 1, we review the necessary notions 
concerning Lie algebras and Lie superalgebras and the notions of modular Lie superal- 
gebras W and S of Cartan type. In Section 2, we study certain subalgebras of the even 
parts W and S and give the generator sets of W and S. We establish also some technical 
lemmas concerning the canonical tori of W and S, which will be used throughout this 
paper. In Section 3, we first study the derivations vanishing on the top W-i © Wo- 
Then we characterize the homogeneous derivations of nonnegative Z-degree and neg- 
ative Z-degree, respectively. As a result, the derivation algebra of W is determined. 
In Section 4, the derivation space Der(<S, W) and the derivation algebra Der(5) are 
determined. In Section 5, by using the results obtained in Sections 3 and 4, the outer 
derivation algebras of W and S are described explicitly and the dimension formulae of 
derivation algebras are given. 

1. Preliminary 
1.1. Basic notion 

Let F be an arbitrary field in this subsection and Z2 = {0, 1} be the field of two 
elements. In this paper, all vector spaces, linear mappings, tensor products are over 
the underlying base field F. 

Recall that a vector superspace is a Z2-graded vector space V = Vq © Vj. We denote 
by p(a) = 9 the parity of a homogeneous element a £ Vq,6 € Z2. A subspace U of a 
vector superspace V is by definition Z2-graded; that is, U = U PI Vq © U Pi Vj. 

We assume throughout that if p(x) occurs in an expression, then x is assumed to be 
Z2-homogeneous. 

A superalgebra is a vector superspace A = Aq(BAj endowed with an algebra structure 
such that AqA^ C Ae+^ for all 6,/j, G Z2. 
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A Lie superalgebra is a superalgebra satisfying the super-anticommutativity and 
super- Jacobi identity (see [4 , 14]). Let q = 0q © Qj be a Lie superalgebra. Then 
the even part Qq is a Lie algebra. Note that in the case charF = 2, a Lie superalgebra 
is a Z^-graded Lie algebra. Thus one usually adopts the convention that charF = p > 2 
in the modular case. 

Let V = Vq © Vj be a vector superspace. The algebra EndF(V) consisting of the 
F-linear mappings of V into itself becomes an associative superalgebra if one defines 

End ¥ (V) e := {A G End ¥ (V) | A(V„) C Z 2 } 

for 9 G Z2. On the vector superspace Endp(F) = Endp(V)g © EndF(V)j we define a 
new multiplication [ , ] by 

[A, B] = AB — {-iyi A )v{B) BA for A B € EndF (y). 

This algebra endowed with the new multiplication will be denoted by pl(V) = p%(^0 © 
pl-(y); it is a Lie superalgebra and is said to be the general linear Lie superalgebra. 
Suppose that A = Aq © Aj is superalgebra. Let 

Beie(A) := {D G pl e (A) \ D{xy) = D(x)y + (-l) ep ^xD(y) for x,y G A} 

for all 9 G Z 2 . Define 

Der(^) := Der^) © Der T (^l), 

then it is easy to see that Dev(A) is a subalgebra of pi (-4), which is called the su- 
perderivation algebra of A. If 9 = (resp. 9 = 1), the elements in Dero(A) are called 
even superderivations (resp. odd superderivation) of A and the elements in Der(^4) are 
called superderivations of A. For more details on superderivations for Lie superalgebra, 
the reader is referred to [14]. 

Let g be a Lie algebra and V an g-module. A linear mapping D : q — > V is called 
a derivation of q to V if D(xy) = x ■ D(y) — y ■ D(x) for all x,y G 0. A derivation 
D : — > V is called inner if there is t> G V such that L>(x) = x-t> for all x G 0. Following 
[15, p. 13], denote by Der(0, V) the space of derivations of to V. Then Der(0, V) is an 
0-submodule of Hom^fl, V). Assume in addition that and V are finite-dimensional 
and that = © re z0r is Z-graded and V = ® r ^zV r is a Z-graded 0-module. Then 
Der(0, V) = © re zDer r (0, V) is Z-graded 0-module by setting 

Der r ( , V) := {D G Der( , V) | £>(&) C V r+i for all i G Z}. 

In the case of V = 0, the derivation algebra Der(0) coincides with Der(0, 0) and 
Der(0) = ffi rg ^Der r (0) is a Z-graded Lie algebra. 

For a Lie superalgebra = 0q © 0t> the restriction of an even superderivation D G 
Der(j(0) to 0q is a derivation of the Lie algebra 0q. For convenience, we shall write still 
Der(j(0) for the set {D\ s - \ D G DerQ(0)}. By using this notation, it is easy to see that 
Der(j(0) C Der(0(j) is a subalgebra Der(0Q). As mentioned in the introduction, as one of 
the main results, we shall prove in this paper that the converse inclusion is also valid 
for = W, S, the generalized Witt superalgebra and the special superalgebra of Cartan 
type over a field of finite characteristic (for a definition, see Section 2.2). 

If = ©_ r <j< s 0i is a Z-graded Lie algebra, then ffi- r <j<o0i is called the top of 
(with respect to the gradation). 
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1.2. Modular Lie superalgebras W and S 

In this subsection we review the notions of modular Lie superalgebras W and S of 
Cartan type and their gradation structures. 

In the following sections, F denotes a field of characteristic p > 3. In addition to the 
standard notation Z, we write N for the set of positive integers, and No for the set of 
nonnegative integers. Henceforth, we will let m,n denote fixed integers in N \ {1,2} 
without notice. For a = (ai, . . . , a m ) G N™, we put \a\ = YliLi a i- Let 2l(m) denote the 
divided power algebra over F with an F-basis {x^ \ a E N™}. For E{ = (6n, . . . ,5i m ), 
we abbreviate x^ £i ^ to Xi, i = 1, . . . , m. Let A(n) be the exterior superalgebra over F in 
n variables x m +i, ■ ■ ■ ,x m+n . Denote the tensor product by 2l(ra,n) = 2l(m) <8>f A(n). 
Obviously, 2l(m, n) is an associative superalgebra with a ^-gradation induced by the 
trivial Z,2-gradation of 2l(m) and the natural Z2-gradation of A(n). Moreover, 2l(m,n) 
is super-commutative. 

For ^ € 2l(m),/ € A(n), we write 5/ for g <g) /. The following formulas hold in 
2l(m, n) : 



^fc^z = —xiXk for A;, Z = m + 1, . . . , m + n; 

x^Xfc = XfcX^ for a <G N™, fe = m + 1, . . . , m + n, 

where (^) := ^=1 C*^)- 

Put Yq := {1,2,..., m}, Y\ := {m + 1, . . . , m + 11} and Y := Yq\JY\. For convenience, 
we adopt the notation r' := r + m for r = 1, . . . , n. Thus, Y\ := {1', 2', . . . , n'} . Set 

B& := {(«i,»2, • • • ,«fc)l m + 1 < *i < «2 < ■ • • < ik < m + n ] 

n 

and B := B(n) = U B fc, where B := 0. For u = (ii,i 2 , ■ ■ ■ ,ik) G B fc , set |u| := fc, |0| := 
fc=o 

0, x® := 1, and x u := x^x^ . . . Xj fc ; we use also it to stand for the set {ii,i2, ■ ■ ■ ,ik}- 
Clearly, {x^x u \ a G N™, u G B} constitutes an F-basis of 21 (m, n) . 

Let D±, D2, ■ ■ ■ , D m+n be the linear transformations of 21 (m, n) such that 

n ( (a) u\ _ J x x ' 

rlX X ^-\ • ar«/&c r , r G y L 

Then D\, D2, ■ ■ ■ , D m+n are superderivations of the superalgebra 21 (m, n) . Let 
W(m,n) = {^/rA- I / r e2l(m,n),rey}. 

Then W (m, n) is a Lie superalgebra, which is contained in Der(2l (m, n)). 
Obviously, p(-Dj) = t(«), where 



T(t) := 



0, i G Y 

1, i G y L 
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One may verify that 

[fD, 9 E] = fD(g)E - (-l)^ D ^E) gE{f)D + (_i)P( fl )pW/ 5 [D,E] (1.2.1) 

for f,g £ 2l(m, n), D,E G Der 2l(m, n). In particular, the following formula holds in 

W (m, n) : 

[/A-, gD s ] = fD r (g) D s - (_i)p(Wp(^) 5jDs (/) ^ 

for /, g G 21 (m, n) ,r,s 
Let 

£ := (t!,t 2 ,...,t m ) € N m , vr := (^, vr 2 , . . . , vr m ) 

where 7Tj := p tl — l,i € Yq. Let A := A (m; t) = {a G N™ | a« < 7Tj, i = 1, 2, . . . , to} . 
Then 

21 (m, n; i) := span F |x (a) x" | a G A, u G B j 

is a finite-dimensional subalgebra of 21 (m,n) with a natural Z-gradation 21 (m,n;t) = 
0^ =o 2l(m,n;t) r by putting 

2l(m, n; t) r := span F {x^ Q ^a; M | \a\ + \u\ = r}, £ := \tt\ + n. 

Set 

(m, n; t) := { f r D r \ f r € 21 (to, n; t) , r G y }. 
rey 

Then W (m,n;t) is a subalgebra of W (m, n) . In particular, it is a finite-dimensional 
simple Lie superalgebra (see [19]). Obviously, W(m,n;t) is a free 21 (m, n; t)-module 
with 21 (to, n; t)-basis {Z) r | r G y}. We note that W(m,n;t) possesses a standard 
W-basis {x^x u D r \ a G A, u G B, r G Y}. 

Let r, s G Y and -D rs : 2l(m, n;t) — > W(m, n;t) be the linear mapping such that 

£>„(/) = (-l) T < r > T MA.(/)A, - (_l)W^W)p(fli3 ( (/)D r for / G Sl(m,n;*). 

Then the following equation holds: 

[D k ,D rs (f)] = (-ir^^D rs (D k (f)) for k,r,s£Y; f €&(m,n;t). (1.2.2) 

Put 

S(m,n;t) := span F {D rs (/) r, s G 7; / G 2l(m, n; t)}. 

Then S(m,n;t) is a finite-dimensional simple Lie superalgebra (see [19]). 
Let div : W(m,n;t) — ► 2l(m, n;t) be the divergence such that 

div(j;/ rJ D r ) = ^(-ir«p^)A.(/r). 

r€Y rGY 

Direct computation shows that div is superderivation of W(m,n;t) to 21(to, n;t) (see 
[5] or [19]); that is, 

div[L>,£] = Ddw(E) - (-l) p ( D ) p ( E )£div(r>) for all D,E G W(m,n;t). 
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Following [19], put 

S(m,n;t) := {D G W(m,n;t) \ div(D) = 0}. 

Then S(m, n;t) is a subalgebra of W(m, n;t) and S(m, n; t) is a subalgebra of S(m, n; t). 

In the following sections, W(m,n;t), S(m,n;t), S(m,n;t), and 2l(m, n;t) will be 
denoted by W, S, S, and 21, respectively. In addition, the the even parts of W, S, and S 
will be denoted by W, S, and 5, respectively; that is, W := S := and 5 := Sq. 

We note also that for the sake simplicity, as mentioned above we assume through- 
out that charF > 3 and that the parameters m, n > 2 although sometimes a weaker 
hypothesis is sufficient. 

2. Subalgebras and generator sets of W and S 

In this section, we present certain results on some subalgebras of W and then give the 
generator sets of W and S. These results will be frequently used in the sequel. 

2.1. Subalgebras 

In this subsection, we deal with certain subalgebras of W, which are important for future 
studies in this paper. In particular, we will study the property of the canonical torus 
subalgebras of W and give a reduction proposition (Proposition 2.1.6) for derivations 
of C to W, where C is a Z-graded subalgebra of W satisfying £_i = W_i. 
Let 

Q := span F {x M D r | r G Y,u G M,p(x u D r ) = 0}. 

Then Q = Cyv(VV_i), the centralizer of W_i in W. Therefore, Q is a Z- graded subal- 
gebra of W. Put & := <7 n Wi and 

:= ©rez£?2n O(^) := © r6 Z^2r+l- 

Since [O(^), O(^)] = 0, O(^) is an ideal of Q. It is easily seen that 

QjOiQ) ~ £(0) ~ W(n)o, 

where W(n) is the simple Lie superalgebra of Cartan type (see [4, p. 57]) and W(n)g 
is the even part of W(n). 

Let q = (Bq = _ r Qq be a Z-graded Lie algebra. Recall that q is called transitive (with 
respect to the Z-gradation) provided that {x G Q q \ [x, g_i] = 0} = for all q G No- We 
say that q is admissibly graded if C B (g_i) = g_ r . 

By the remarks above, VV is neither transitive nor admissibly graded. In particular, 
W is not a simple Lie algebra. Noticing that 5_i = W_i and 5 n 7^ 0, we have the 
same conclusion for S. 

We shall use frequently the following simple fact. The proof is straightforward and 
therefore is omitted. 



Lemma 2.1.1. Let C be a ^-graded subalgebra of W such that L-\ = VV_i. Suppose 
that 4> G Der(£,W) and 0(£_i) = 0. // is an element of £ such that [E,W-i] C 
ker(0), i/ien 0(E) □ 
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Put T r := x r D r for r G Y and T = J2reY ^V- Then T is called the degree derivation 
of 2l(m, n;t). Correspondingly, adr is called the degree derivation of W. Put T' := 

EfceYi Tfe and T" := J2 ieYo T i- 

In this paper we adopt the following notation. Let P denote a proposition. Put 
dp := 1 if P is true and Sp := 0, otherwise. We need the following computational 
lemma. 

Lemma 2.1.2. Let i G Yq, k G Y±. a £ A and u G B. Then the following statements 
hold. 

(i) Ti{x^x u ) = a { x^x u . 

(ii) Tf : (x^x u ) = Sk eu x^x u ; in particular, r| = T^. 

(iii) For f G2t r ,rG N , T{f)=rf. 

(iv) Lei r eZ and D G W r . T/ien [r, D] = rD. 

(v) rf = r,. 

(vi) Let D G £7 r . i/r is even, then \T' ,D] = rD; if r is odd, then \T' \D] = (r + l)D. 

(vii) Every standard basis element of W is an eigenvector of &dT r for all r £Y. 

(viii) [T",x^x u Di] = (|a| - l)x^x u Di for all a G A ; u G B and i G Y . □ 

Let (g, \p\) be a restricted Lie algebra. Following [16, p. 119] and [15, p. 79], define 
x G Q to be p-semisimple if x G ^] reN F:r^ r . If (and hence is p-semisimple) we 

say that x is toral. An abelian restricted subalgebra T of g is called a tores if every 
element in X is p-semisimple. 

If q is a (not necessarily restricted) Lie algebra with trivial center, then q may be 
identified with a subalgebra of the restricted Lie algebra Der(g). Following [1, p. 97], we 
say that a subalgebra X is a torus of q if X is a torus of Der(g). 

Let us consider W and S. Note that W and S are all centerless. Put T := X^reY ^ ' 
and 7s := S n T. Then by Lemma 2.1.2, 7" and are tori of W and S, which are 
called canonical tori. 

The following lemma will be heavily used in this paper. It is essentially a general- 
ization of [15, Proposition 8.2, p. 192]. 

Lemma 2.1.3. Let V be a vector space over ¥ and v\,V2, ■ ■ ■ ,Vk G V. Suppose that 
Ai G EndpF is generalized invertible; that is, there is B, L G Knd I ' such that 

AiBiAi = Ai, 1 < i < k. (2-1-1) 

If the following conditions are satisfied, then there exists v G V such that Ai(v) = Vi 
for 1 < i < k. 

(i) Ai, A2, ■ ■ ■ , Ah commute mutually; 

(ii) Ai(vj) = Aj(vi), 1 < i, j < k; 
(iii) 

AiBi(vi) =v it 1 < i < k, (2.1.2) 

AiBj = BjAi whenever i 7^ j. (2.1.3) 

Proof. We use induction on k. When k = 1, putting v := B\(v\), one obtains from 
(2.1.2) that Ai(v) = AxB^vi) = v ± . 
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Let k > 2 and assume that the conclusion holds for k — 1. Then there exists w G V 
such that Ai(w) = Vi, i = l,...,k — 1. Set v := w + B k (v k — A k (w)). Then, for 
i = 1, . . . , k — 1, we obtain from (2.1.3), (i) and (ii) that 

^(u) = AH + AiB k (v k -A k (w)) 

= Vi + B k Ai(v k - A k {w)) 

= Vi + B k {Ai{v k ) - A k Ai(w)) 

= Vi + B k (A k (vi) - A k (vi)) 

= Vi. 

Moreover, by (2.1.1) and (2.1.2) we have 

A k (v) = A k (w + B k (v k - A k (w))^j 

= A k (w) + A k B k (v k - A k (w)) 

= A k (w) + A k B k (v k ) - A k B k A k (w) 

= A k (w) + v k - A k (w) 

= v k . 

The proof is complete. □ 

Using Lemma 2.1.3, we give a result analogous to [15, Proposition 8.2, p. 192], which 
will be used to prove the main result in this subsection (Proposition 2.1.6). 

Corollary 2.1.4. Let r < m be an integer and /i, . . . , f r G 21. Suppose that 

(a) Di{fj) = Dj(fi), l<i,j<r; 

(b) Df~ 1 (f l ) = 0, l<*<r. 

Then there is f G 21 such that Di(f) = fa for 1 < i < r. 

Proof. Define Bi : 21 — > 21 to be a linear transformation such that 

Bi(x {a) x u ) = x {a+£i) x u for i G Y 

where x i - a+e ^ := for a + Ei A(m;t). We check the conditions of Lemma 2.1.3. Ev- 
idently, Di, . . . ,D r satisfy the condition (i). (b) shows that Bi, . . . ,B r satisfy (2.1.1) 
and that (iii) holds. By (a), fi,---,f r satisfy the condition (ii) in Lemma 2.1.3. The 
proof is complete. □ 

Obviously, A(n) is an invariant subspace of 21 under for all k G Y±. Then T k G 
Endp(A(n)). The following corollary will be used in Section 4 to consider how a deriva- 
tion cf) of S to W is determined by the action of </> on So (see Lemma 4.2.4). 

Corollary 2.1.5. Let r < m be a positive integer and fi, . . . , f r G A(n). Suppose that 
T qi = x qi D gi , qi G Yi, 1 < i < r, satisfy the following conditions: 

(a) T qi (f j ) = F qj (f i ), l<i<r; 

(b) T qi (f i ) = f i , l<i<r. 

Then there exists f G A(n) such that T qi (f) = fi for i = 1, 2, . . . ,r. 
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Proof. Set Bi = \d^ n y We check the conditions of Lemma 2.1.3. Since T^. = T qi by 
Lemma 2.1.2(h), (2.1.1) holds. The remaining conditions may be easily checked. □ 

Let V = (BrezVr be a Z-graded vector space. For a Z-homogeneous element v £ V, 
we denote by zd(v) the Z-degree of v. 

For the sake of convenience, in the sequel we usually write i,j for the elements 
in Yq, and write k,l for the elements in Y\. View W as an £-module by the adjoint 
representation. Recall the definition of a derivation of a Lie algebra to its module 
(see Section 1.1). Let C be a Z-subalgebra of W satisfying £_x = W_i. Just as [15, 
Proposition 8.3, p. 193], the following proposition reduces derivations of Der(£,W) to 
the derivations vanishing on £_i. 

Proposition 2.1.6. Let £ be a Z-subalgebra of W such that £_i = W-\. If <f) G 

Der t (£, W) where t := zd(</>) > 0, £/ien £/zere exists E G Wt such that 

(</>-ad£)(£_i) = 0. 

Proof. Suppose that 0(A) = J2reY fnD r for i 6 7oi where / r j G 21. Applying ^ to the 
identity [D^Dj] = for i,j G F , we have [<f>(Di),Dj] + [A,<KA)] = 0. Then 



0. 



reY reY 

Consequently, 

J2 Di(f rj )D r - Dj(f ri )D r = 0. 

reY reY 

Since {A \ r G Y} is a free basis of 2l-module W, we have 

Di(frj) = Dj(f ri ) for alU, j G Y , r G ^ 

This implies that for fixed r G Y, {f r i, . . . , f rm } satisfies the condition (a) in Corollary 
2.1.4 (see also [15, Proposition 8.2, p. 192]). On the other hand, since (ad A) = 
for i G Y , it follows from [15, Lemma 8.1, p. 191] that (adA)^ (0(A)) = 0. 
Consequently, D^ i (f r i) = for r G Y and i G Yq; that is, {f r i, ■ ■ ■ , frm} fulfills the 
condition (b) in Corollary 2.1.4. Therefore, there is g r G 21 such that 

A(SV) = fri for all i G Yq. 

Let E" = — YlreY 9rD r . Then for i G Yq, we have 

[E", A] = D i(9r)D r = friDr = 0(A)- (2.1.4) 

reY reY 

Note that zd(0) = t. (2.1.4) shows that 

[£f,A]=<KA) fori Gib- (2.1.5) 

Let E' = E' t '. Then (2.1.5) implies that (<p - adE')\ c = 0. Let E = EL (the even part 
of E 1 ). Then EG W t and (</>-adE)\ c = 0. □ 
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Remark 2.1.7. Since is an abelian Lie algebra, one may consider the deriva- 
tion space Der(£_i,W). Then, under the conditions of Proposition 2.1.6, 4>\c-i G 
Der(£_i,W) is inner. 

Remark 2.1.8. In Proposition 2.1.6 the element E does not necessarily lie in Nor>v(£). 
In addition, in contrast to the cases of Cartan type Lie algebras and Lie superalgebras 
(see [15, Proposition 8.3, p. 193] and [231 Lemma 5]), we cannot prove directly that 
4> = (adi?)| since C is not necessarily admissibly graded, as noted at the beginning 
of this subsection. 

2.2. Generator sets 

As is well known, the generators play an important role in the study on derivations of 
an F-algebra. More precisely, a derivation is completely determined by its action on the 
generator set. When we consider the derivation algebra of a given algebra, it is natural 
to hope finding a 'good' generator set, which is convenient for computing derivations. 

In this subsection, we study mainly the generator sets of W and S for the purpose 
mentioned above. We know that W(rn, n;t) is a free Z-graded module of the associative 
super-commutative algebra 2l(m, n;t) with basis {D r \ r G Y} consisting of special 
derivations of W(m,n;t). The 'coefficients' in 2l(m, n;t) are tensor products of divided 
power series and exterior products. Thus it is desirable to find a generator set which 
consists of certain elements of low Z-degree and certain elements of high Z-degree but 
of simple form, such as the elements in Lie algebras W(m;t) or S(m;t) of Cartan type. 

The results obtained in this subsection will be used frequently in the sequel. 

Recall that W = W(m,n;t) and W denotes the even part of W. Recall also our 
notations that t := (ti, . . . , t m ) E N and 7Tj := p 1 ' — 1 for i E Yq. Put 

M := {x^Dj | < q < n, ij G ^o}, 

M := {xiXkDt \ i€Y , k,le Yl}, 

V := {x kXl Di \i€Y , k,l& Yi}. 

For u, v € B with u Pi v = 0, define u + v to be w € B such that and w = uU v. If in 
addition maxu < minf, then denote u+v = w. 

Proposition 2.2.1. W is generated by M. UMWP. 

Proof. Denote by X the subalgebra of W generated by M. U N U V . We make the 
following preparatory remarks. 

(i) Assert that 

x {a) Di e X for all a G A and all i G Y . (2.2.1) 
In fact, it can be easily proved by induction on r that for i 6 Yq, 

x (7T 1 e 1 +-+7T r e r ) D . g x for all r < m . 

Therefore, x^'Dj G X. The assertion follows, since Dj G X for all j G Yq. 

(ii) Assert that 

x u Dt G X for u G B, |u| even; % G Y . (2.2.2) 
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We are going to prove the assertion by induction on \u\. For \u\ = 2, it is clear that 
x u Di ePCI Assume that \u\ > 2. Then write u = v+w, where v,w G B such that 
| io | = 2, \v\ = \u\ — 2. 
Note that x w Di G V C X and x v Di G X by the inductive hypothesis. We have 

x u D t = [x v Di, [x w Di,x^Di]] G X, 

as asserted. 

(iii) Assert that 

x u D k eX for u G B, |u| odd; k G Y x . (2.2.3) 

We may suppose that \u\ > 3. Write u = v + w such that k v and \v\ = \u\ — 1, |tf | = 1. 
From (2.2.2), we have x v D\ G X. Noticing that x\x w Dk G J\f, we obtain that 

x"D fc = X[x v D 1 ,x 1 x w D k ] G ^ where A = 1 or - 1. 

Now we are ready to show that X = W. First claim that 

x {a) x u Di G X for u G B, |u| even; i G Y . (2.2.4) 

Without loss of generality, one may assume that \u\ > 2. Take k G u. Using (2.2.2) we 
have x u Di G X. Since x^x^Dk = [x^D±, x\XkDk] G X, we have 

x ( Q )x u A = [x^x k D k ,x u Di] G AT, 

as desired. 

It remains to prove that 

x (a) x u D k £X for -u G B, \u\ odd; k EY±. (2.2.5) 

If |u| = 1, then x lX u D k zNQX.lt follows from (2.2.1) that x^x u D k = [x^D 1 , x x x u D k \ G 
X. Assume that |u| > 3. Choose r G u\k. Since x( a ^x r D r = [x^Di, x\x r D r ] G X, it 
follows from (2.2.3) that 

x^x u D k = [x {a) x r D r ,x u D k ] G X. 
By (2.2.4) and (2.2.5), we have X = W, completing the proof. □ 

We note that in the three sets above only Ai contains elements of Z-degree higher 
than 1. Clearly, M. is contained in W(m;t), the generalized Witt algebra (see [18]). 
As we shall see in the following sections, this allows us to compute efficiently. 

Recall the torus T$ of <S (see Section 2.1). Clearly, 

{x r D r — x s D s | r(r) = r(s); r, s G Y} U {x r D r + x s D s \ r(r) ^ r(s); r, s G Y} 

is an F-basis of Xs consisting of toral elements. 
We first give the following simple fact: 

Lemma 2.2.2. So is spanned by Ts LI {x r D s \ r(r) = r(s),r /s;r,s£ Y}. 
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Proof. It is straightforward. □ 
Put 

Q := {Dij(x (r£j) ) \i,j GY ,rGN }; 
TZ := {D u (x^x k ) \i€Y ,k,l€ Y{\ U {Aj(x^) | i,j G Yq, v G JB 2 }. 
We now consider the generator set of <S. 

Proposition 2.2.3. S is generated by QUlZU So- 
Proof. Let X be the subalgebra generated by Q U TZ U Sq. We proceed in several steps 
to show that S = X. 

(i) Let i,j G Yq with i / j, and let k,l G Yi. Then 

Dj^x^^Xfc) = [Dijix&^DuixiXk)] + 34/Ai(x (3£l) ) G X (2.2.6) 

and 

A*(z (£<+£j) *fc) = [D u (x^x k ), Dij{x^)\ G (2.2.7) 

In addition, for any r G Y \ {i,j}, we have D rj (x^ i+2£ ^) = [D rj (x^ 3E ^), Dj^x^)] G 
X. Therefore, 

D rl (x^+^x k ) = [Dirix^D^x^Xk)] - S kl D rj (x^ +2 ^) G X. (2.2.8) 

Combining (2.2.6)-(2.2.8) and the assumption that Dn(x( 2£ ^x k ) G TZ for all i G Yo and 
k, I G Yi, we obtain that 

D w (x (£i+£ ^a; fe ) G A' for all r,i,j G Y and all fc,Z G Y x . (2.2.9) 

(ii) Let k,l £Y\ with / Z. For all r G Yi and all i G Yo, it follows that 

D kr ( Xi x k Xi) = [Afc(z (2£<) Zfc), Ar(aw)] - Ar(a: {2£l) xO + 2<5 r , Afc(^ (2£l) ^fc) G Af. 

(2.2.10) 

(hi) Let u G B3. Write u = v + w with |u| = 2, \w\ = 1. Given i G Yo and A; G Yi, take 
j G Yo \ i and / G v\k, Remember the assumption Dij(xjX v ) G TZ. We have 

Afc(x u ) = -[Dij{xjX v ), D k i{x w xi)] G Af. (2.2.11) 

Combining (2.2.9)-(2.2.11) and the assumption that Dij(xiX v ) G TZ for all i,j G Yo 
and v G B2, we obtain that 

5i C Af. (2.2.12) 

(iv) Assert that Dij(x^) £ A? for all i,j G Yo and a G A. For the purpose, we first 
show that Di2(x( ni£l+7T2£2 ^) G X. It is easy to verify the following equations: 

A 2 (^ (2£l+£2) ) = [A 2 (^ (3£l) ), A 2 (x (2£2) )] g A", 

A 2 (xix^ 2£2 )) = [A 2 (x { " 2£2) ), A 2 (x (2£l+£2) )] g X, 
A 2 (^ l£l+( ^ 2 ~ 1)£2) ) = [A 2 (xix( W2£2 )), A 2 (x (wi£l) )] g X, 
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and for k G Yi, 

D 2k (x^ + ^- 1 ^x k ) = -{D 12 (x^ + ^- l ^),D lk (x^x k )} G X, 

D 2k (x^- 1 ^ + ^- 1 ^x k ) = [D l ,D 2k (x^ + ^- 1 ^x k )} G X, 

D 2k {x^-^ + ^x k ) = -i[ J D 2fe (x« 7r ^ 1 ) £l+ ^- 1 ) £2 )x fe ), J D 2fc (x( 2£2 )x fe )] G A". 

Similarly, we also have Di k (x ( - 7ri£l+ ^ 2 ~ 1 ^ £2 ^ x k ) G <¥. Therefore, 

D 12 (x^ 1£l+n2£2 '>) = [D lk (x^x k ),D 12 (x^ 1 - 1 ^ £1+W2£2 '>)} 

+D lk (x ( - 7Tl£l+ ^ 2 - 1 ^x k ) - 2D 2k {x^ 1 -^ £1+n2£2 ^x k ) G 

Now, proceeding by induction on q one may easily prove that 

D qtq+1 (x^ l£l+ - +7T "+ l£ ^ 1 '>) G X 

(cf. [23, Theorem 1]). As a result, D m _ hm (xW) G X. It follows that D i:j (x^) G A' for 
all i,j G Yo- Hence the assertion holds. 

(v) Suppose that \u\ is odd. We propose to prove that 

D ik {x u ) G X for all i G Yq, k G Y"i. (2.2.13) 

For |u[ = 3, from (2.2.12) it is easily seen that (2.2.13) holds. Use induction on \u\ > 3 
to prove (2.2.13). Assume that \u\ > 5 and write u = v + w where \v\ = \u\ — 2 and 
\w\ = 2. Let / = minw. By inductive hypothesis, Du(x v ) G X for all i G Yq. Then for 
i G Yo and & G Yi, 

A*(* u ) = [D u (x v ), D ik (x iXl x w )} = [D H (x v ), [D^x^^^x^x^]] G X. 

This proves (2.2.13). 

(vi) Suppose that |«| is even. Assert that 

D H {x u ) G X for all k, I G Y ± . (2.2.14) 
We first note that if v G B and |w| is odd, then 

D ik {xiX v ) G * for all i G Y , fc G Y 1 . (2.2.15) 
In fact, this follows from (2.2.13) and the following equation 

D ik (x iX v ) = [D qi {x v ),D lk {x^x q )} G X 

where q = minw. 

One may write u = v + w where \v\ = \u\ — 1, \w\ = 1. Using (2.2.15) we know that 
for k,l G Yi, 

D M (x u ) = [Z> lfc (xix v ), J Di,(xix w )] - D u ( Xl D k ( X v )x w ) + D kl (x lX v D^x™)) G X. 
Then (2.2.14) follows. 
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(vii) Let us complete the proof of this proposition. For the purpose, first, we show- 
that if \u\ is odd where u G B, then 

D ik (x (7v) x u ) G X for all i G Yq, k G Y x . (2.2.16) 

For \u\ = 1, let j G Y \ i. Then 

D ik (x^x u ) = [DijixW), D kj (x^x u )} G X. 

Suppose that |u| > 3. To prove (2.2.16), we note that 

D jk (x^ Xl ) = -l[D jk (x^xi), Dj^x^xi)] G X for all j G Y , k, I G Y x with k + l. 

(2.2.17) 

Given k G Yi, since |u| > 3, one may choose I G u\k. Without loss of generality, assume 
that I = min-u. Then we obtain from (2.2.13) and (2.2.17) that 

D kj (x^x u ) = [D l3 (x u ),D jk (x^ Xl )} G X for all j eY ,k G Yi. (2.2.18) 

Take j G Y \ i. Then (iv) and (2.2.18) ensure that 

D ik (x^x u ) = -[Dijix^Dkjix&Ax")] G X, 

proving (2.2.16). 

Next, we show that for u G B, 

Dijix^x^ G X for i,j G Yq, \u\ even; (2.2.19) 

D k i(x^ x u ) G <f for jfe,Z G Y, |u| even. (2.2.20) 

One may write u = v + w where \v\ = \u\ — 1, \ w\ = 1. Let Z := mini;. Using (2.2.16), 
we have 

Aj(z (7r) z") = -[A/(^ W ^)^ii(^^/^)] G ^ 5 |«| even; 
that is, (2.2.19) holds. Similarly, we have also 

D kl (x^x u ) = -[D ik (x^x v ), D u {x^x w )} G X, \u\ even, 

proving (2.2.20). 

By (2.2.16), (2.2.19) and (2.2.20), it is easily seen that X = S. The proof is complete. 

□ 

Remark 2.2.4. In contrast to the case of Lie superalgebra S, the elements in 1Z cannot 
be generated by Q and So (cf. [23, Theorem 1]). The reason is that there are not odd 
elements in Sq. On the other hand , in contrast to the case W, the elements of Z-degree 
zero of So cannot be generated by Q U 1Z. 

3. Derivations of W 

In this section, we shall describe explicitly the derivation algebra of W. To do that, we 
proceed in two steps. First, we show in Section 3.1 that every derivation of nonnegative 
Z-degree vanishing on the top of W is necessarily inner. Next, we show in Section 3.2 
that every derivation of nonnegative Z-degree can be reduced to be vanishing on the top 
and therefore, every derivation of nonnegative Z-degree is necessarily inner. Finally, 
using the generator set, we compute the derivations of negative Z-degree and then 
formulate the derivation algebra Der(W). 
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3.1. The top of W 

In this subsection, we discuss the influence of the top W_i © Wo over the derivations 
of W. We shall see that the homogeneous derivations of nonnegative Z-degree of W 
which vanish on the top W_i © Wo turn out to be inner. In other words, if two 
homogenous derivations of nonnegative Z-degree of W coincide on the top W_i © Wo 
then they are congruent modulo adW. This observation allows us to focus attention to 
Der(W_i © Wo, W) in next subsection. 

Lemma 3.1.1. Let <j) G Der t W,t G Z. Suppose that </>(W_i © W ) = and t 
(mod p). Then = 0. 

Proof. Consider the degree derivation T := YlieY x i^i- By Lemma 2.1.2(iv), we have 

[r, D] = rD for all D G W r , r € Z. 

Then noting that T € W . We have 

[r, 4(D)] = r<f>(D). (3.1.1) 

Since zd(0(D)) = r + i, again by Lemma 2.1.2(iv), we have 

[T^(D)} = (r + t)^(D). (3.1.2) 

It follows from (3.1.1) and (3.1.2) that t</>(D) = 0. Since t ^ (mod p), we have 
4>(D) = for all D G W r , r G Z. This proves that = 0. □ 

Recall that = {x k xiDi \ i EY ,k,l E Y{\. We have the following 

Lemma 3.1.2. Let G Der(W) with zd(<f>) = t > 0. Suppose that 0(W_i © W ) = 0. 
T/ien 4> is a scalar transformation of span^P. 

Proof. Since 0(W_i) = 0(Wo) = 0, by Lemma 2.1.1 we have 

(j)(x k xiDi) G S t+ i for i£F ,Me *i- (3.1.3) 

In view of Lemma 3.1.1, we may assume that t = (mod p). Consider V = YlreYj. x rD r G 
Wo- Clearly, \T' ,x k xiDi] = 2x k x\Di. Applying to this equation, we obtain that 

[V, <j>(x k xiDi)] = 2<p(x k x l D l ). (3.1.4) 

Note that zd((f>(xhXiDi)) = t + 1. By (3.1.3) and Lemma 2.1.2(vi) we have 

rr' ^r-r <r n M - / (* + 2)0(xfcX*A), zd(0) even; 
[1 , <P{X kXl L> i} \ ~<y {t+ l)(j){xkXlDi)) zd( 0) odd . 

If zd(0) is odd, then we obtain from (3.1.4) and the above equation that <f>(x k xiDi) = 0, 
since t = (mod p). That is, 0(7 3 ) = 0. Now consider the case that zd(0) is even. In 
view of (3.1.3), we may assume that 

4>(xkXiDi) = c U)r x u D r where c u>r G F. (3.1.5) 

revb 

|t»|=t+2 
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Since n > 2, choose s G Yi \ {k,l}. Then [x k xiDi, x s D s ] = 0. Noting that <p(Wo) = 0, 
we have [4>(x k xiDi),x s D s ] = 0. It follows that 

c U;r x u D r ,x s D s =0 for all s G Y± \ {k,l}. (3.1.6) 

rev 

\u\=t + 2 

From (3.1.5) and (3.1.6), we have c u . r = unless u =< k,l > . Therefore we obtain 
from (3.1.5) that 

4>(x k xiDi) = c <k,i>, r x k xiD r . (3.1.7) 

reY 

If zd(0) > 0, by (3.1.7) we have (f){x k xiDi) = and therefore 4>(V) = 0. Thus, it remains 
only to consider the case zd(0) = 0. Applying <fi to the equation that [x k xiDi, XiD,j\ = 
XfcXiDi, we obtain from (3.1.7) that 

4>(x k xiDi) = c <k ,i >: iX k xiDi. (3.1.8) 

Let A := c < fc i ; >j j. For arbitrary j G Yo, applying 4> to the equation that [x k X[Di, XiDj] = 
x k xiDj, we have 

<P(x kXl D 3 ) = \{x kXl Dj). (3.1.9) 

For arbitrary r G Y\, applying (j) to the equation that [x r D k , x k XiDj] = x r XiDj, we 
obtain from (3.1.9) that 

4>(x r xiDj) = Xx r xiDj. (3.1.10) 
(3.1.8)-(3.1.10) show that A = c^^j is independent of the choice of k, Therefore, 

4>{x k xiDj) = Xx k X[Di for all k,l G Y±, i G Y"o- 
The proof is complete. □ 

Recall that N = {xiX k D\ \ i G Yo, k, I G Yi}. We have the following fact. 

Lemma 3.1.3. Let <f> G Der(W),zd(0) = t > 0. Suppose that 0(W_i © W ) = 0. T/ien 
0(AO = 0. 

Proof. By Lemma 2.1.1, <j)(xiX k D{) G for i G Yo, A;, Z G Yi. In view of Lemma 3.1.1, 
it suffices to consider the case that t = (mod p). Recall V' := YlreYi x rDr- Clearly, 

[r', XiX k Di] =0 for i G Y , k,l EY±. 

Therefore, 

[r', 0(xiX fe A)] = for all i G Yo, k, I G Yi. (3.1.11) 
Since 4>(xiX k Di) G (7t+i, using Lemma 2.1.2 we obtain that 

[V, 4>(xiX k Di)] = {f + + Zd ul (3-1-12) 

1 (i + l)^(xiar fc A), zd(</>) odd. v ; 

Comparing (3.1.11) and (3.1.12) and noticing that t = (mod p), we have 

4>(xiX k D[) = for all i G Yo, / G Yi. 
The proof is complete. □ 

Recall that X = {x^Dj \ i,j G Y ,0 < q < vr;}. We have the following 
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Lemma 3.1.4. Let <p G Der(W), zd(» = i > 0. Suppose that ^(W-i©W ) = 0. T/ien 
0(M) = 0. 

Proof. We proceed by induction on g > 2 to prove that 

(j){x( q£i) Dj) = for all i, j G lb, q G N . 
For q = 2, Lemma 2.1.1 shows that <p{x^ 2£i ^ Dj) G Gt+i- Thus we may assume that 

<j){x^Dj) = c U)T x u D r where c u<r G F. (3.1.13) 

Note that zd(</>(x^ 2e ^L' :; )) > 1. For every pair (u,r), there is A: G u \ r. Clearly, 
[s^^Dj-^fcDfc] = 0. Then 

[^(x^^DjO.XfcDfc] =0. (3.1.14) 

(3.1.13) and (3.1.14) imply that c u>r = 0. Since the pair (u, r) is arbitrary, we have 
<P{x^Dj) = 0. 

By the inductive hypothesis and Lemma 2.1.1, it is easily seen that <f>(x^Dj) G Q. 
Just as in the case q = 2, one may check that 4>(x^ q£i ^ D j) = 0. □ 

Now we are able to prove the following fact. 

Corollary 3.1.5. Let (j) G Der t (W),t > 0. Suppose that 0(W_i © Wo) = 0. Then 
(j) G adW. 

Proof. By Lemma 3.1.2, there is A G F such that 

4>(xkXiDi) = XxkXiDi for all k, I G Y\,i G lb- 

Put ^:=<f>- iAadr' where T' = £re*i ^r^r- Then ^(W_i © W ) = and ^(P) = 0. 
By Lemma 3.1.3 and 3.1.4, we have <f){M) = <f>(M) = 0. By Proposition 2.2.1, we obtain 
that ip = 0; that is, <f> = XadT' G adW. □ 

Remark 3.1.6. In view of Corollary 3.1.5, for determining the homogeneous deriva- 
tions of nonnegative Z-degree of W, it suffices to reduce such a derivation to be vanish- 
ing on the top. Just as in Proposition 2.1.6 and Corollary 3.1.5, the idea of reduction 
will lead us throughout. 

3.2. Derivation algebra of W 

In this subsection we shall determine the derivation algebra of W, the even part of the 
generalized Witt Lie superalgebra W. For the Lie superalgebra W, since the natural Z- 
gradation is transitive, by a result analogous to Proposition 2.1.6 (see |231 Lemma 5]), 
one may easily prove that the homogeneous superderivations of nonnegative Z-degree 
of W are all inner. But, as mentioned above, the Z-gradation of W is not transitive. 
Thus we cannot obtain the corresponding conclusion for W by using Proposition 2.1.6 
directly. This observation leads us naturally to devote our attention to the grada- 
tion component of Z-degree zero. To do that, we shall use a known result (see [15, 
Proposition 8.4, p. 193]). 



Derivations for the even parts of modular Lie superalgebras W and S 



19 



Let V be a finite-dimensional vector space over F. A linear transformation 92 : V — > V 
is called semisimple if the minimum polynomial of <p has distinct roots in some base 
field extension. 

Lemma 3.2.1. ([15, Proposition 8.4, P- 193]) Let q = (Bf = _ r Qi be a TL-graded center- 
less Lie algebra and 1c Jo « torus of g. If <p G Der(g) is homogeneous of Z- degree t, 
then there is e G Qt such that (ip — ade) \%= 0. □ 

Recall that T := span F {r r | r G Y} is the canonical torus of W. Using the lemma 
above, we can prove the following 

Corollary 3.2.2. Let <j> G Der t (W), t > 0. Suppose that (j>(W-i) = 0. Then there exists 
D eGt such that {<j> - sAD) \ r = 0. 

Proof. By Lemma 2.1.2, all the standard basis elements of W are eigenvectors of adr r 
for each r G Y. Note that every element of T is semisimple. By Lemma 3.2.1, there 
exists E eW t such that(0 - adE) \ T = 0. Note that <f>(T) C Q t . Then 

[E, r r ] = 0(r r ) G Q t for all r G Y. 

By Lemma 2.1.2(vii), there is D G Gt such that [D,T r ] = [E,T r ] for all r G Y. Hence 
O - ad£>) | r = 0. □ 

Now we can prove that every homogeneous derivation of nonnegative Z-degree of W 
is inner. We first prove the following 

Proposition 3.2.3. Let t > 0. Then Der t W = adW t . 

Proof. It suffices to prove that DerjW C adWt. Let (ft G DerjW, t > 0. By Proposition 
2.1.6, we may assume that = 0. Then Corollary 3.2.2 shows that there is D G Gt 

such that ip(T) = 0, where tp := (j> — adD. 

We treat separately the two cases t > 3 and < t < 3 in order to prove that 

ip(x r D s ) =0 for r, s G Y with r(r) = r(s). (3.2.1) 

Case (i): £ > 3. Pick k G Y-y \ {r,s}. Then [rfc,x r Z) s ] = 0. Consequently, 

[r fc , ^{x r D s )\ = for all k G Y x \ {r, s}. (3.2.2) 

Note that tp(x r D s ) G G by Lemma 2.1.1. Therefore, by Lemma 2.1.2(vii), we obtain 
from (3.2.2) that zd(ip(x r D s )) < 2. Since zd(tp) = t > 3 by our hypothesis, we obtain 
that i[)(x r D s ) = 0; that is, (3.2.1) holds in this case. 

Case (ii): < t < 3. Then i = 1 or t = 2. Consider T' := J] reYi T r . Obviously, 
[r', x r D s ) = 0. Then 

[r',^(x rJ D s )] =0. (3.2.3) 

On the other hand, noticing that ip{x r D s ) G G (by Lemma 2.1.1), we obtain by Lemma 
2.1.2(vi) that 

[T',tP(x r D s )] = 2^{x r D s ). (3.2.4) 
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Since charF / 2, (3.2.3) and (3.2.4) imply that ip(x r D s ) = 0. 

So far, we have proved that ip(W-i + Wo) = 0. Using Corollary 3.1.5, we have 
ip G adWt and therefore, 4> € adWf. □ 

We have also the following 
Proposition 3.2.4. Dcr W = adW . 

Proof. Let <p G DeroW. In view of Proposition 2.1.6 and Corollary 3.2.2, we may assume 
that <f>(W-i) = <p{T) = 0. 

Let i,j G Yq with i ^ j. Noting that <f>(xiDj) G Go, we have 

<f>(xiDj) = ^([xiDuXiDj]) = [ Xi Di, ^{xiDj)} = 0. (3.2.5) 
We want to prove that 

(p(xkDi) = CkiXkDi for all k, I G Y\ with k ^ I, (3.2.6) 
where c k \ G F. Obviously, we may assume for fixed k, I G Y\ with k / I that 

4>{x k Di) = c rs x r D s where c rs G F. (3.2.7) 

r,seY-L 

Then 

<t>{x k Di) = 4>([T k , x fc A]) = [T fc , 4>{x k Di)]. (3.2.8) 
By (3.2.7) and (3.2.8), we can easily compute that 

^ c rs x r D s — ^ ^ c ks x k D s + {c kk x k ^ ^ c rk x r )D k . (3.2.9) 
Comparing the coefficients of in (3.2.9), we have 

^ ^ C-rk%r = C kk X k — ^ ^ C rk X r = ^ ^ C rk X r . 
rgYi rGYi reYi\fc 

Consequently, c^fc = 0. Comparing the coefficients of D s for s E Y± \ k, one may get 
c rr = for all r G Y\ \ k. Thus we obtain from (3.2.7) that 

4>(x k Di) = c rs x r D s where c rs G F. (3.2.10) 

For any q G Y±, we have [r g , = (V - S q i)x k Di. Then 

[r ? , </>(** A)] = (V " S q i)<f>(x k D{). (3.2.11) 
Using (3.2.10) we obtain from (3.2.11) that 

^ ] (&qr ~ ^qs)C rs X r D s = (5q k 5ql) ^ ^ C rs X r D s . 
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It follows that 

(Sqr ~ 5qs)Crs = (V ~ 0~ql)c rs for all q G Y\. 

This implies that c rs = unless (r, s) = (k,l). Hence (3.2.6) holds. Applying 4> to the 
following equation 

[x r D k , x k Di] = x r Di for r, k, I G Y-y, I ^ r, 

we obtain that 

c r k + Cki = c r i. (3.2.12) 
Similarly, we obtain from the equation [xiD k , x^Dj\ = x\D[ — x k D k that 

Qfc + Cfci = 0. (3.2.13) 

Clearly, the following system of n — 1 linear equations in n unknowns Ai', A2', . . . , \ n ' 
has solutions: 

\\i — A2' = Ci'2' 
Al' — A3' = Ci'3' 

Ai' — A n / = ci'„/. 

Let (Ai/, A 2 ', . . . , A n /) be a solution. Then \ k -\ = (A fc -Ai) + (Ai -A/) = c fc i + ci/ = c M . 
Set 

Z? : = A r r r , ip:=<p- adD. 

Then we have, for all k, I G Y\ with A; 7^ Z, 

i/j{x k Di) = <f>{x k Di) -[D,x k Di] 

= c M x k Di - (A fc - \i)x k Di 
= 0. 

Using (3.2.5) we have also if)(xiDj) = for i,j G Yb- Therefore, ^(Wo) = 0. Clearly, 
^(W-i) = 0. Corollary 3.1.5 ensures that tp £ adW and therefore, G adWo- □ 

Summarizing, we have the following 

Proposition 3.2.5. The homogeneous derivations of nonnegative TL-degree of W are 
all inner. 

Proof. This is a direct consequence of Propositions 3.2.3 and 3.2.4. □ 

In view of Proposition 3.2.5, it remains only to determine the homogeneous deriva- 
tions of negative Z-degree of W. Our work is motivated by the corresponding results 
and methods in [2, 23] and will depend heavily on the generator set of W (Proposition 
2.2.1). We first determine Der_iW. To do that, we need the following lemma, which 
asserts that the derivations of Z-degree —1 are completely determined by Wo- 

Lemma 3.2.6. Suppose that 99 G Der_i(W) and (p(Wo) = 0. Then 99 = 0. 
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Proof. First, we prove that ip(Af U V) = 0. Observe that 

[x k xiDi, XiDi] = x k xiDi for all k, I G Yi, i G Y . (3.2.14) 

Note that <p(Wo) = and ip(x k xiDi) G Applying 99 to (3.2.14), one gets 

(p{x k xiDi) = [ip(x k xiDi),XiDi] = 0. 

Similarly, one may check that (f(xiXkD[) = by applying if to the equation that 
[xiDi,XiX k Di] = XiX k Di. Hence, <p(Af) = ip(V) = 0. 
Next, we prove that 92 (A4) = 0. To do that we assert that 

(p(x ir£ ^Di) = for all r G N, i G Y . (3.2.15) 

For r = 1, it is clear that (3.2.15) holds. For r = 2, noticing that ^(x^^A) 
E{G), we obtain that 

y>(x (2ei) A) = <^A,z (2£i) A]) = [^A^(x (2£l) A)] = 0. 

Now we proceed by induction on r > 2 to prove (3.2.15). By inductive hypothesis, 
^(x^ 6 ^ A) G £r-2- Thus, we may assume that (p(x^ r£ ^Di) = ^ n c uq x u D q where 
c M(? G F. For any given pair (u, q), find k £ u\q since r > 2. Then we may get c uq = 
from the equation that [x k D k , ip(x^ r£ ^ A)] = 0. Thus, (3.2.15) holds. Therefore, 

V?(x (r£l) A;) = V?([x (r£l) A, a*-Dj]) = for all j G Y \ i. 
Hence (f(M) = 0. By Proposition 2.2.1, we conclude that ip = 0. □ 

Using Lemma 3.2.6, we can prove the following 
Proposition 3.2.7. Der_i(>V) = adW_i. 

Proof. Let ip G Der_i(W). For i G Yo, k, I G Yi, applying 99 to the equation that 
[xjA, Zfc A] = 0, one gets 

[y>(xj A), £fcA] + [xjA, ^(^ A)] = 0. 

Note that [<y?(xj A), x k A] = 0, since (p(xjA) G W_i. It follows that 

[xjA, v?(x fc A)] =0 for i G Y , k,l £Y 1 . 

Since ip{x k Di) G W_i, this implies that (p(x k Di) = for all /c,Z G Y\. 

Given i G Yo, suppose that (f(xi A) = S r eY Cir ^ r wriere c ir € F. Applying </? to the 
equation that [xiDi, XjDj] = for i,j G Yo with i ^ j, one may get Cjj = whenever 
j 7^ i. Therefore, </?(xi A) = cuDi. Applying 93 to the equation that [xj A, ^iAj] = 
one gets 

cuDj + [a^A^O^A/)] = <f(xiDj). 
This implies that (p(xiDj) = CuDj for all j G Yo, since ip(xiDj) G W-i. Put ip := 
V 3 ~~ SreYo c rr(adA)- Then ^(Wb) = 0. By Lemma 3.2.6, we have ip = 0; that is, 
<P = Erey c rr (ad A) G adW_i. □ 

To determine the derivations of Z-degree less than —1, we first establish a technical 
lemma. 
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Lemma 3.2.8. Let <p G Der_ g (W),g > 1. 7/0(x^A) = for alii G Y , then = 0. 

Proof. We first show that 4>(M) = 0. If t < q, then 0(x( te ^A) = for all i G Y . 
Suppose that t > q. We use induction on t to prove that 0(x^ tel ) A) = 0. By inductive 
hypothesis and Lemma 2.1.1, 0(x( te ^A) G Qt- q -\- Thus we may assume that 

0(x (tei) A) = X] 'V^A- where c U)T G F. (3.2.16) 

uGB,reY 

If |u| > 2, then for the pair (u, r), there is k G u \ r. Note that [x k D k , x^ t£i ^ Di] = 0. 
Applying to this equation and using (3.2.16), one may get c u ^ r = 0. Therefore, noting 
that zd((j)(x (t£ ^ A)) = t-q-l>0, we have 

<f>{x^Di) = Y Cu,rX u D r = Y, ci, r xiD r , (3.2.17) 

ueB 1 ,reY 1 l,reYi 

where q r := c n>r if u = (Z). Applying to the equation that [x^^Ai xiD r ] = for 
l,r G Yi, we obtain that Q jr = whenever I ^ r and that c\ t \ = c r . r for all l,r G Y"i. 
Denote A := c rjr for all r G YJ.. It follows from (3.2.17) that 

0(x (tei) A) = 2 Ax '^ = Ar '- 

Applying to the equation that [x^ t£i ^Di,x k xiDj] = for i,j G Yo with j / i and 
/c, / G Yi, we have 

2Xx k x l D j + [i^fl^^,^.)] = o. 

Since zd{(j){x k xiD j)) < —1, the equation above yields A = 0. For j G Y \ i, it follows 
that <t>{x^Dj) = ^Qx^A^Aj) = 0. Therefore, 0(A4) = 0. 

It remains to show that <j>{N UP) = 0. Since jVufCWi and zd(0) = -q < -2, 
it suffices to consider only the case zd(0) = —2. Let k,l G Y±,i G Yo. Note that 
4>{xkXiDi) G W_i. Applying <f> to the equation [r',XfcXzA] = 2xfcX;A, we have 

<XwA) = ^([r',x fc xzA]) = i[r',0(x fe xiA)] g [r',w_i] = o, 

proving that 0("P) = 0. Similarly, we have 

4>(xiX k Di) = (j)([r",XiX k Di\) = [T" , <f>(xiX k Di)] = -<t>{xiX k D{). 

Thus (j)(xiX k Di) = 0, since charF / 2. 

So far, we have showed that 4>(M) = 4>{M) = 4>{V) = 0. By Proposition 2.2.1, = 0. 

□ 

We are in the position to compute the homogeneous derivations of negative Z-degree. 
We treat two cases separately. First, we give the following 

Proposition 3.2.9. Suppose that q > 1 is not any p-power. Then Der_ g (yV) = 0. 
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Proof. Let (ft G Der_ g (W). Clearly, <p(W-i + Wo) = 0. If q ^ (mod p), then Lemma 
3.1.1 shows that (ft = 0. Thus we assume that q = (mod p). Write q to be the p-adic 
expression: q = J2k=i c kP k , where < < p and c r ^ 0. We note that ( p 9 r ) ^ 
(mod p) and ( pI -Li) = (mod p). According to Lemma 3.2.8, it suffices to show that 

<ft(x {qSl) Di) = for all i G Y . 
Direct computation shows that 

[x «,-»' + im a ,^,) A] = (( p /_ j _ (^ ^,) Dj =-(;),'->«,. 

Since (/ — p r + 1 < g and p r < q, from the equation above one easily gets <ft(x^ q£ ^ Di) = 0. 
The proof is complete. □ 

For the remaining case we have the following 
Proposition 3.2.10. Let q be p -power p r for some r G N. Then 

Der_ 3 (W) = span F {(adA) 9 N € Y }. 

Proof. By Leibniz rule, it is easily seen that (adA) 9 is a derivation of W for all 
i E Yq. It follows that one implication holds. To prove the converse implication, let 
(ft G Der_q(W). One may assume that 

(ft(x (q£ ^Di) = ^2 airDr where a ir G F. 

r&Y 

Applying (ft to the equation that [x^ 6 ^ Di, XjDj] = for j G Yq\i, yields that a^- = 0. 
Therefore, (ft(x^ q£i ^ A) = a?iA where i G Y . Set ip := (ft — J2 r eY ^(adA) 9 - Then 
■tp(x( q£ ^Di) = for all f G Yb- By Lemma 3.2.8 we have ift = 0; that is, = 
J2reY { , arr(adD r ) 9 . The proof is complete. □ 

Assembling the main results obtained in this subsection we are able to describe the 
derivation algebra of W. Recall that W stands for the even part of W = W(m,n;t), 
where t = (h, t 2 , ■ ■ ■ , t m ) £N m 

Theorem 3.2.11. Der(W) = adW © {(adA)^ | i € Y , 1 < n < U}. 

Proof. By Leibniz rule, it is sufficient to show the inclusion'C'. Note that when ri>U, 
the derivation (adA) pr * vanishes for i G lb- Then the theorem follows from Propositions 
3.2.5, 3.2.7, 3.2.9 and 3.2.10. □ 

Remark 3.2.12. Now we can answer the question for W mentioned in the introduc- 
tion. By Theorem 3.2.11 and [23, Theorem 1], it is easily seen that Der(Wg) = Der^W), 
where W stands for the Lie superalgebra W(m, n; t). As mentioned in Introduction, this 
implies that every derivation of the Lie algebra Wq can extend to be a superderivation 
of the Lie superalgebra W. 
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4. The derivation algebra of S 

In this section we shall determine the derivation algebra of S (5 is the even part of 
the Lie superalgebra of S(m,n;t)). In contrast to the case of W, we do not find a 
way to reduce directly a homogeneous derivation of nonnegative Z-degree of S to be a 
derivation vanishing on <S_i © Sq. Thus we encounter the difficulty that Lemma 3.2.1 
is by no means applicable for S. This observation forces us to establish a proposition 
similar to Proposition 2.1.6, but, where W_i is replaced with the canonical torus T$ 
contained in Sq. This is why we generalize Proposition 8.2 in [15, p. 192] to be Lemma 
2.1.3 and then give Corollary 2.1.5. As a result, we establish such a proposition indeed, 
which is written to be Lemmas 4.2.4 and 4.2.5 in Section 4.2. 
Recall our convention that m,n > 2. 

4.1. The top of S 

Just as in the case of W, in this subsection we shall study the derivations of nonnegative 
Z-degree of S to W, which vanish on the top of S. As the final result in this subsection, 
it is proved that such a derivation must be inner and determined by a scalar multiple 
of T' = X^reYi x rD r . The arguments will be based on the generator set of S (see 
Proposition 2.2.3). 

First, we consider the generators of the form D^x^^Xk) in 1Z, where i G Yq and 
k, I G Yi. 

Lemma 4.1.1. Suppose that <p € Der(5, W) with zd(</>) > and that + So) = 0. 

Then 

^(D u {x (2£ ^x k )) = for all i G Yq, k,l G Y\. (4.1.1) 
Proof. By the definition of Du, 

D ll (x^x k ) = x l x k D l + 5 kl x {2£ * ) D t ioi all ieY ,k,le Y x . (4.1.2) 
By our assumption and Lemma 2.1.1, one may assume that 

4>(D u (x (2£ ^x k )) = c u,rX u D r where c M , r € F. (4.1.3) 

reY,«GB 

We proceed in two steps to prove the equation (4.1.1). 

Case (i): zd((/>) is even. Then it follows from (4.1.3) that c U)T = for all r G Y±. Thus 

(j ) (D il {x^x k ))= c u,rX u D r . (4.1.4) 

r£Y ,u&M 

First, consider the case k ^ I. Then (4.1.2) yields 

D u (x^x k ) = x lXk Di for k^l. (4.1.5) 



Clearly, 

[T k - r h D u (x i2£ ^x k )} = 2D tl (x^x k ) for k + l. 



(4.1.6) 
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Consequently, 

[T k -T l A{D ll (x^x k ))]=2<p{D ll {x^x k )) for k^l. (4.1.7) 
Then we obtain from (4.1.4) and (4.1.7) that 

(Skeu ~ 5i €u )c u , r x u D r = 2 ^ c u , r x u D r . (4.1.8) 

It follows immediately from (4.1.8) that 

(5 keu ~ bleu)c u ,r = 2c n>r for r G Yq, m£1. 

This implies that c n>r = for all r G Yq, u £ M. Therefore, (4.1.1) holds for the case 
k + I. 

Second, we consider the case k = I. By (4.1.2), 

D ik {x (2£ ^x k ) = x iXk D k + x (2£ ^Di. (4.1.9) 
For qi, (ft € li, it is easy to see that [r gi — T q2 , D ik (x^ 2£ ^x k )] = 0. Applying <j), one gets 

[T qi -T q2 ,4(D ik (x^x k ))} = 0. (4.1.10) 
We then obtain from (4.1.4) and (4.1.10) that 

^2 (<W« ~ 5 q2( z u )c u . r x u D r = for all q u q 2 G Y-y, r G Y . 

r€Y ,u& 

Consequently, 

(5 qi£u - 5 q2Gu )c u , r = for all q±, qi G Y±, r G Yq. (4.1.11) 

Note that (4.1.11) implies that, if u ^ to then c u>r = for all r G Yq. Therefore, it 
follows from (4.1.4) that 

cP(D lk (x^x k )) = £ c w , r x w L> r . (4.1.12) 

Find j G Y \ *, since \Y \ > 3. Note that (Notice (4.1.9)) 

[Ti - Tj, D tk (x^x k )] = D lk (x^x k ). 
Applying 4> and substituting (4.1.12), we obtain that 

[Tj Tj, ^ ^ C(jj^ r X Dr] = ^ ^ Cijj,r% Dr- 
r& reY 

It follows immediately that 

reY 
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This implies that 

c-u),r = 0, whenever r ^ j. 

Then (4.1.12) yields that 

4>{D ik {x {2St) x k )) = CujX^Dj whenever j €Y \ i. (4.1.13) 
The general assumption m > 3 and (4.1.13) show that (4.1.1) holds in the case k = I. 

Case (ii): zd(0) is odd. Note that in this case it is easily seen in (4.1.3) that c Ujr = 
for all r G Yq. Thus 

4>(D u (x^x k ))= c u,rX u D r . (4.1.14) 

reY 1 ,ueM 

Recall T' := ^re^i x rD r . Using the formulas (4.1.5) and (4.1.9), one obtains by direct 
computation that 

[r' + nT h D tl (x {2 ^x k )] = nD u {x^x k ), (4.1.15) 

[V + (n-l)T l + T j ,D u (x^x k )] = (n - l)D u (x^x k ) for j G Y \ i. (4.1.16) 
Applying 4> to (4.1.15) and (4.1.16), respectively, one gets from (4.1.14) that 

[r',<KAK* (2£l) ^))] = [T 1 + nT l A{D ll {x {2£ ^x k ))] =nc/ ) (Du(x^x k )), (4.1.17) 

and 

[V, J>(D u (x^x k ))} = [V + (n - l)r, + T,, ^Duix^Xk))] = (n - l^Du^ x k )). 

(4.1.18) 

Comparing (4.1.17) and (4.1.18), we have 4>(Du(x^ 2£ ^x k )) = 0. Summarizing, (4.1.1) 
holds. □ 

Next, we consider the generators of the form Dij(xiX v ) in 1Z, where i,j € Yq and 

v g JB 2 . 

Lemma 4.1.2. Let <j> G Der t (S,W) with t > 0. Suppose that </>(<S_i + S ) = 0. Then 
there is A G ¥ such that (p(Dij(xiX v )) = \Dij(xiX v ) for all i,j G Yq and v G 

Proof. Note that 

</>(D ij (x i x v )) = <K\T q - Tj, Dijixix")}) = [F q - Tj^iDijixiX ))] for all q G Yq \ j. 

(4.1.19) 

Assume that 

(f>(Dij(xiX v )) = ^2 c Utr x u D r where c UyT G F. (4.1.20) 
Case (i): zd(</>) is even. Then 

<f>(D ij (x i X v )) = ^ Cu-r^^r- (4-1.21) 



Derivations for the even parts of modular Lie superalgebras W and S 



28 



If follows from (4.1.19) and (4.1.21) that 

tiPijixix")) = J2 V U D 3 - Y, c u , q x u D q for all q G Y \ j. (4.1.22) 

u u 

This implies that c U;q = whenever q G Yq \ j and therefore, 

tiPijixix")) =J2 c u,jX u Dj. (4.1.23) 

u 

Find k G Y± \ v, since n > 3. Then [T q + T^, Dij(xiX v )} = for q eYq\ j. Applying (j) 
to this equation and then substituting (4.1.23), one gets 

Y heuC u ,jX u Dj = 0. 

For any fixed m/d with \u\ > 2, if k G u \ v, then the equation above forces c u j = 0. 
It follows from (4.1.23) that 

4>(Dij(xiX v )) = c v jx v Dj. 

Note that Dij(xiX v ) = x v Dj. Just as in the proof of Lemma 3.1.2, one may easily check 
that A := c v j is independent of the choice of v and j. Therefore, the lemma holds in 
this case. 

Case (ii): zd((f>) is odd. Then 

(f)(Di j (x i x v )) = Y c u>r x u D r . 

«SB,rGYi 

Find q G Y \ j. Then 

[Fgr T^j^Diji^XiX )] — Dij^XiX ). 

Hence, 

ftDijixix")) = [T q - Tj, <f>{x v Dj)] = [T q -Tj, ]T c u , r x u D r ] = 0. 

?t€B,reYi 

The proof is complete. □ 

Finally, we consider the generators in Q. 
Lemma 4.1.3. Let (j) G Der(5, W), zd(^) > 0. Suppose that + 5b) = 0. Then 

0(Ai(x (a£l) )) = for all i,j G Y and all a G N. (4.1.24) 

Proof. We proceed by induction on a > 2 to prove (4.1.24). Assume that (4.1.24) 
holds for a — 1. Then Lemma 2.1.1 ensures that 

( j)(D ij (x^))= Y c u, r x u D r where c u , r G F. (4.1.25) 

u£M,r£Y 
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Note that Dij(x^ a£ ^) = x^ a ^ £ ^Dj. Direct computation shows that 

[x k D k + XjDj, Aj(x (a£<) )] = -Ai(x (a£l) ) for all k G Y±. 
Applying <p to the equation and using (4.1.25), one obtains that 

^Ofc eu - 5 kr )c u . r x u D r - ^2 c u,jX u Dj = - ^ c U:T x u D r . (4.1.26) 

u,r u u,r 

Comparing coefficients in (4.1.26), we have 

{heu ~ hr)c u ,r = -c u ,r for r / j; (4.1.27) 

(6 k eu ~ l)c„j = -c uJ . (4.1.28) 

For arbitrary u € 1 with \u\ > 2, find k £ u. Then (4.1.27) and (4.1.28) imply that 
c ur = for r € Y, since charF / 2. This proves (4.1.24). □ 

Now we can conclude this subsection by the following main result. 

Corollary 4.1.4. Suppose that <p <G Der(<S, W) with zd(</>) > and that </>(<S_i +Sq) = 
0. Then <p E F • adr'. In particular, (J) is inner. 

Proof. According to Lemma 4.1.2, there is A <G F such that 

4>(Dij(xiX v )) = \Dij(x,ix v ) for all i,j £ Yq and all v £ B2. 

Set ^ := 0-^Aadr'. We then use Lemmas 4.1.1 and 4.1.3 in order to see that ip(QUlZ) = 
0. Lemma 2.2.2 applies and ip = 0. Therefore, 4> = |Aadr', completing the proof. 

□ 

Remark 4.1.5. As noted in Remark 3.1.6, the central work in the sequel is to reduce 
the homogeneous derivation of nonnegative Z-degree to be vanishing on the top of S. 
In contrast to the case W, just as remarked in the introduction of this paper, we shall 
encounter the phenomenon that the reduction proposition [15, Proposition 8.4. p. 193] 
is not applicable in this case. 

4.2. Derivations of nonnegative Z-degree 

In this subsection, we shall determine Der t (5,W) and Der t (<S) for t > (Propositions 
4.2.9 and 4.2.10). For derivations of positive odd Z-degree in Der(5, W), we establish 
a lemma (Lemma 4.2.4) analogous to Proposition 2.1.6, which contends that such a 
derivation vanishing on 5_i can be reduced to be vanishing on the toral elements 
Tk — k G Y\ \ V (Lemma 4.2.4). For a derivation of nonnegative even Z-degree in 
Der(5,yV), we establish a corresponding lemma (Lemma 4.2.5). The reason that we 
treat those two cases separately is that the images of elements in the canonical torus 
under a derivation are of different forms with respect to the standard F-basis of W. 
In view of the results mentioned above, the remaining works in this subsection will be 
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devoted to reducing the derivations of nonnegative Z-degree to be vanishing on the top 
5_i ©<So Thus we may conclude this subsection by using the result obtained in Section 
4.1 (Corollary 4.1.4). 

We first give two technical lemmas which will simplify our discussion. Recall the 
notation n=\u\ = \Y±\. 

Lemma 4.2.1. Suppose that <j) G Der t (S, W) and 0(W_i) = 0. 

(i) If t = n — 1 is odd, then 

4>(T V - T fc ) = for all keY 1 \ f. 

(ii) If 't = n — 1 is even, then there is A G F such that 

((/) - \ad(x" D V ))(T V - T k ) = for all keY 1 \ l'. 
(hi) If t > n — I, then (f> = 0. 
Proof, (i) We may assume that 

<f>{T v - T k )=Y^ c r x u D r where c r G F. (4.2.1) 

reY 

Applying <p to [ri — Tj, IV — Y k \ = for i G Yq, k G Y\, we have 

Fi - r,, 0(r r - r fc )] = [v r - r k , ^ - r,)] = o, (4.2.2) 

since <p(T 1 - I";) G spanjx 1 ^ £> r | r G Y }. (4.2.1) and (4.2.2) then yield 

-c 1 x"D 1 + CiX^Di = 0, ieY \l. 

Therefore c r = for all r G lo and (i) holds. 

(ii) Applying <j) to the equation that [IV — T k ,Ty — Ti] = 0, one gets 

[rv-r^rv -r,)] = [v v -r^GV -r fc )] for ail z g y \ i'. (4.2.3) 

Since t is even and 0(W_i) = 0, by virtue of Lemma 2.1.1, we may assume that 

eXrV - r fc ) = c^x^Dr where 4 fc) G F. (4.2.4) 

rdY\ 

Combining (4.2.3) and (4.2.4), we have 

-<®rf*D v + cfx"D k = -cf)x"D v + cf VA. 

Consequently, = = 0, = Let A := = cf,^ = ■■■ = Then 
(4.2.4) shows that ^(Ty - T k ) = \x u D v for all k G Y 1 \ 1'. Direct calculation shows 
that A G F is the desired scalar. 

(iii) By Lemma 2.1.1, (j)(S ) C Q. Note that C 0™"^ W;. Since i > n - 1, 

0(5 O ) c w t n S = 0. 

Now, one may easily show by induction on r that 4>(S r ) = for all r G N, proving 
= 0. □ 
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Lemma 4.2.2. Suppose that 4> € Der(«S, W) and zd(<fi) > is odd. 

(i) If zd((f>) < n — 1 and 

<f>{v v - r 2 ,) = <p(r v - r 3 ,) = • • • = <j){Y v - v n ,) = o 

then 

<Xri - r 2 ) = 0(r\ - r 3 ) = • • • = H^i - r m ) = o ; ^(r x + rv) = o. 

(ii) If zd(4>) = n — 1 t/ien t/iere are Ai, . . . , A m € F suc/i i/iai 

(0 - ad( A^A)) (ri - T,) = O /or a// j e y \ i; 

i€Y 

(^-ad(^A^A))(ri + r r ) = 0. 

Proof. Note that zd(0) is odd and 4>(So) C C/, by Lemma 2.1.1. We may assume that 
( f ) (r 1 -Ti)= Yl c u]rX u D r where eg. G F. (4.2.5) 

reY ,u£M 

(i) Since zd(^) < n — 1, the coefficients c^] r in (4.2.5) vanish for all r £Yq. For any 
fixed v ^ uj, find /c € i> and I EYi\v. Applying (f> to the equation [T^ — T;, Ti — Tj] = 0, 
one may obtain by the hypothesis that 

[Tfc-r^^ri-ro] = o foriey \i. 

Combining (4.2.5) with the equation above, we have 

J2 (heu-5ieu)4lx u D r = 0. (4.2.6) 
r&Y ,uen 

Since Ofc G „ — <^ 6 „ = 1, (4.2.6) implies that 

eg = for all r G Y . 

Then by (4.2.5), 4>(Ti — Tj) = for i G Yq \ 1. One may show in the same way that 
4>(T 1 + T r )=0. 

(ii) As zd((p) = n — 1, we know from (4.2.5) that 

^i-ri) = MA' ( 4 - 2 - 7 ) 

Applying to the equation [Ti — Tj, Ti — Fj] = for i,j G Yo \ 1 with i ^ j, and then 
combining with (4.2.7), we have 

[ c^Dr,^ - Tj] = [ c$ r x»D r , T, - Fi] . 

r£Y r£Y 
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This implies that 

„(0 -M 



(4.2.8) 



c t]j = c 2] = fOT a11 i,j€Y \l with i + j. (4.2.9) 
By (4.2.8), let Ai := for i G Y Q \ 1. Then (4.2.7) and (4.2.9) show that 

#ri - r<) = Aix^Di + c^Di. (4.2.10) 

Let Ai := -c^ for i = 2, . . . , m and ip := 4> - ^ ieYo A i ad(x w A)- Then (4.2.10) shows 
that 

p(ri - Ti) = for all ieY \l; (4.2.11) 
that is, the first equation in (ii) holds. To show that (p(Ti + IV) = 0, assume that 

</?(ri + T v ) = dursfDr where d w . r G F. (4.2.12) 

reY {) 

For i G Yq \ 1, applying to the equation [ri — IV Ti + IV] = 0, and using (4.2.11) 
and (4.2.12), one may get 

d u>i x u Di - d U)>1 x u 'D 1 = [Fi - Fj, ^ d^^D,.] = 0. 

Consequently, d W) i = d U) \ = for i G Yb \ 1- This proves that <£>(ri + IV) = 0. Hence, 
the second equation in (ii) holds . The proof is complete. □ 

Recall the canonical torus of S 

Xs ■= span F {Ti - r 2 , . . . , Ti - F m , Fi + IV, Fy - F 2 >, . . . , F v - F n >}. 
Summarizing, we have the following fact: 

Corollary 4.2.3. Suppose that (j) £ Der(<S, W) is homogeneous derivation of positive 
odd Z-degree such that 0(<S_i) = and 4>(Fk — Fy) = for all k G Y± \ 1'. Then there 
is E such that ((f) — adE) vanishes on the canonical torus T$. 

Proof. This is a direct consequence of Lemma 4.2.1 (iii) and Lemma 4.2.2. □ 

We now prove two key lemmas in this subsection. First, consider the derivations of 
odd Z-degree. We shall use Lemma 2.1.3. 

Lemma 4.2.4. Suppose that 4> G Der t (<S, W), where t > is odd. If (f>(S-\) = 0, then 
there is D G Qt such that 

(4> - &dD)(F k - IV) = for all k G Y 1 \ 1'. 
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Proof. If t > n — 1, then Lemma 4.2. l(i) and (iii) show that 

<£(r fe -rv) = o for ail k e y ± \ V. 

We therefore assume that t < n — 1. 
By Lemma 2.1.1, one may assume that 

<P(T k - IV) = £ / rfcJ D r where fc G Yi \ l'; / rfc € A(n). (4.2.13) 

reY 

Applying to the equation that [1^ — IV, — IV] = for k, I G Y\ \ 1', and using 
(4.2.13), one gets 

[J2 frkD r ,Ti - T V ] + [T k -T V ,J2 frlDr] = 0. 
rGY reY 

Consequently, 

(r fc - ri/)(/ r ,)i> r = ]T (r, - r r )(/ rfc )A~. 

reY reYo 

Since {Z) r | r G Y"} is a free basis of 2t-module W, we have 

(I* - IV)(/w) = (r, - r v )(f rk ) for all r eY ; k,l eY 1 \ 1'. (4.2.14) 
Note that / r fc G A(n). Let 

frk = c u,r,kX u where c u ^ k G F. (4.2.15) 

\u\=t+l 

Combining (4.2.15) and (4.2.14), we have 

y~] (<Jfce« - ^i'eu)c u ,r-,/a; u = ^ (<5/e« - <5i'e«)c«,r,fc£ M - 

|«|=t+l |u|=t+l 

Since {x" | u G B} is an F-basis of A(n), it follows that 

(5fce« - *i'6u)cu,r,J = (Sieu ~ h'eu)c u , r ,k for r eY ; k,l €Y 1 \ V . (4.2.16) 

Assume that c u . r ^ k is an arbitrary fixed nonzero coefficient in (4.2.15), where \u\ = 
t + 1 < n, r G lo an d A; G Y"i \ 1'. If 1' G" u, noting that 2 < \u\, one may find / G u \ k. 
Then (4.2.16) shows that 5 k&u = 1; that is, k G u. If 1' G u, noting that |u| < n — 1, one 
may find I G Yi \ u. Then (4.2.16) shows that <5fc gu = 0; that is, k u. Summarizing, 
for any nonzero coefficient c u>r ^ k in (4.2.15), we have 5 k&u + <V gn = 1. Then, we can 
rewrite (4.2.15) as follows 

frk = ^ ^ Cu,r,kX ~\~ ^ ~] C-u,r,k% ■ 
l'eu,k^u Vgu,keu 

Direct computation shows that 

(r fe - T V )(f rk ) = - ^ c u,r,kX U + C n,r,kX U - 

i'eu,kgu i'gu,keu 
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Therefore, 

(r fc - T v ) 2 (f rk ) = f rk for all r G Y and k G Y 1 \ T. (4.2.17) 

Put V := A(n),v k ■= f rk and A k = B k := T k — IV for k G Y-y \ 1'. Now, we are going 
to show that the conditions of Lemma 2.1.3 are fulfilled, (i) is automatic. (4.2.14) 
ensures that (ii) holds. (4.2.17) shows that (2.1.2) holds. (2.1.3) is clear. We check 
(2.1.1); that is, 

(r fc -r r ) 3 = r fe -rv forfce7i\i'. (4.2.18) 

For every basis element x u of V = A(n), noticing that 5 k( z u — &i'eu = 0, 1 or —1, we 
obtain that 

(T k - T v f(x u ) = (S keu - S Veu ) 3 x u = (S keu - S Veu )x u = (T k - T r )(x u ). 

Thus (4.2.18) holds. By Lemma 2.1.3, there is f r G A(n) for any fixed r G Yq, such 
that 

(r k -r v )(fr) = frk for all k G Y t \ 1'. (4.2.19) 
Set D' = — Erey f' rDr - We obtain W usin § (4.2.13) and (4.2.19) that, for k G Yi\l', 

[D',r k -r v }= J2( T k-rv)(fr)D r = £ f rk D r = <f>(r k -rv). (4.2.20) 

reY r€Y 

Let D := D' t . Then D G Q t and (4.2.20) shows that [D,T k - F v ] = 4>(T k - F v ) for all 
k G Y\ \ 1', since zd(0) = t. Hence 

(^-adD)(r fc -ri/) = for all k G Yi \ 1'. 

□ 

Let us consider the case of even Z-degree. Notice that, in contrast to the case of 
odd degree, we consider different elements in the canonical torus. This will simplify 
the computation. 

Lemma 4.2.5. Let <\> G Der t (5, W) where t > is even. If <fi(W-i) = 0, then there is 
D G Qt such that 

(<p - adD)(ri + r fc ) = for all fc € Yi. (4.2.21) 
Proof. Since 4> is of even Z-degree, by Lemma 2.1.1, we may assume that for k G Yi, 
0(ri + r fc ) = / rfcJ D r where / rfc G A(n). (4.2.22) 

r€Yi 

It is easily seen that 

[ri + r fc ,^(ri + r,)] = [Ti + r,,0(ri + r fc )] for ail k,i g Yi. (4.2.23) 

Thus we obtain from (4.2.22) and (4.2.23) that 

J2 ( T k(fn) - r l(frk))D r + fikDi - f ki D k = 0. (4.2.24) 

reYi 
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Comparing coefficients we have 

r fc (/w) = r,(/ rfc ) whenever r + k,l; (4.2.25) 

Wkk) = r fc (/ w ) - hi whenever k + I. (4.2.26) 
For r, k G Y\ , one may assume that 

frk = ^2 c urk x u where c urk G F. (4.2.27) 

\u\=t+l 

We then obtain from (4.2.25) and (4.2.27) that 

SieuCurk = SkeuCurl whenever r / k,l. (4.2.28) 
(4.2.28) implies that for r G Fi \ {fc, /}, 

Curfc 7^ and / G u c ur ; / and k G u. (4.2.29) 

Let r, fc G Yi with r 7^ k. If c Mr fc / 0, then (4.2.29) ensures that A; G u. Thus 

Tfc(/ r fc) = / r fc whenever r^fe. (4.2.30) 
For any fixed r G Yi, by Corollary 2.1.5, there is f r G A(n) such that 

r k (f r ) = frk for all fc G Yi \ r. (4.2.31) 

Assert that 

r fc (/ fcfc ) = for all A; G Yi. (4.2.32) 
We treat two cases separately. 

Case (i): t > 2. Note that T| = T fc for k G Y x , by Lemma 2.1.2(h). We obtain from 
(4.2.26) that 

r,r fc (/ fcfc ) = r fc r,(/ fcfc ) = r 2 k (f kl ) - r k (f kl ) = o for ail ieY 1 \k. (4.2.33) 

Since zd(f kk ) = t + 1 > 3 and T k (x u ) = 5 kGu x u , one may easily deduce (4.2.32) from 
(4.2.33). 

Case (ii): i = 0. Applying to the equation that [xiD k ,Ti +T k ] = xiD k for k, I G Yi 
with k ^ I, we have 

0(sji>fc) + [Ti + r fc , 0(xjD fc )] = [*iDk, <f>(Xi + r fc )]. (4.2.34) 

On the other hand, noticing that zd(f rk ) = 1, it is easily seen from (4.2.30) that 

f rk = c rk x k whenever r / k, (4.2.35) 
where c rk G F. Then we obtain from (4.2.22) and (4.2.35) that 

<P(T l+ r k ) = f kk D k + c rk x k D r . (4.2.36) 

reYi\k 
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Combining (4.2.34) and (4.2.36) and noticing that D k (f kk ) £ IF, we have 

<p{xiD k ) + [Ti + T fc , 4>{xiD k )] = (D k (f kk )xi - ci k x k )D k + ^ c rk xiD r . (4.2.37) 

reYi\fc 

Since zd(^>) = 0, one may assume that for k, I G Y\ with fc ^ I, 

4>{ Xl D k ) = itipX'Dr where € ¥. (4.2.38) 

s,rGYi 

Clearly, 

[Ti + r fc , x s D r ] = {S ks - 5 kr )x s D r for k, I G Y\. (4.2.39) 
It follows from (4.2.38) and (4.2.39) that 

<t>(x l D k ) + [r 1 + T k ,<f>(x l D k )}= V<i;r k) XsD r + £ (S ks - 8 kr )^x s D r . (4.2.40) 

s,rGYi s,rGYi 

The coefficient of D k in the right hand side of (4.2.40) is 

sSYi sGYi sGYi 

We then obtain from (4.2.37) that 

D k {f kk )xi - c lk x k = H { k fx k . 

It follows that D k (f kk ) = 0, proving (4.2.32). 
For r EYi, put 

fr :=-/rr + (ri+r r )(7 r ). 

Clearly, / r G A(n), since f r ,f rr G A(n). Using (4.2.32), we have 

(ri+r r )(/r)-/r = /rr- (4-2.41) 

For fc G Y"i \r, using (4.2.26) and (4.2.31), we obtain that 

(ri + r fc )(/ r ) = -(ri + r k )(f rr ) + (r x + r fc )(ri + r r )(/ r ) 

= —^k(frr) + r r r fc (/ r ) 

= — (IY(/rk) - /rfc) + ^r(frk) 

= frk- 

Putting D' = — YlreY! frD r , we then obtain by using (4.2.41) that 

[D',ri + r fc ] = -^[/ rJ D r ,r 1 + r fc ] 

reYi 

= ^(r! + r fc )(/ r )D r -/^ 

r€Yi 

= (ri + r fc )(/r)£>r + ((ri + r fc )(/ fc )-/fc)^* 

reYi\fc 

= ^ /rfc A- + /fcfc-Dfc 
rGYi\fc 

= <A(ri + r fc ). 
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Let D := D' t . Then fle Q t . Since zd(» = t, we have 

[D, ri + r fc ] = ^(ri + r fc ) for ail fc g y : . 

Now it is easy to see that (4.2.21) holds. □ 
For our purpose, we need still the following three reduction lemmas. 

Lemma 4.2.6. Suppose that 4> £ Der t (<S,W), and 0(«S_i) = where t > is even. If 
<K r i + = /or a// fc € Yi, tfien 0(«S O ) = 0. 

Proof, (i) First, we show that 0(ri — Tj) = for all i G Yo \ 1. Since zd(</>) is even, by 
Lemma 2.1.1 we may assume that 

<P(T 1 -Ti)= c $r xUD r wh ere eg, G F. (4.2.42) 

For any fixed coefficient eg, the assumption that zd(^) = i > ensures that there is 
fc G t> \ s. Applying <p to the equation that [Ti + r^Ti — Tj] = and using (4.2.42), 
one gets 

J2 S keu c^ r x u D r - c%x u D k = 0. 

reVi,weB u 

The choice of and the equation above imply that eg = 0. Thus (t>(T\ — Ti) = for 
all i G Yo \ 1. 

(ii) Second, we show that 4>(xiDj) = for all i,j G Yo with % ^ j. By our general 
assumption that m > 3, one may find r G Yo \ {i,j}- Then [xiDj,T r + T^] = for all 
fc € If. Notice the assumption that (j)(Ti + T k ) = for all fc € ii. By (i), it is easily 
seen that 4>(T r + r&) = 0. Then [r r + T k , 4>(xiDj)] = 0. Arguing as in (i), one may see 
that the assertion holds. 

(iii) Finally, we assert that 4>{x k Di) = for fc, I G Y\ with fc ^ L Just as in (i), one 
may assume that 

(j){x k Di) = ^2 c U)T x u D r where c U)T G F. (4.2.43) 

reYi,iteB 

Case 1: zd(</>) = 2. Note that nFi + T' G 5 and 0(nri + T') = by the assumption. 
Noticing (4.2.43), we have 

2<i>{x k Di) = [r',0(x fc A)] = [nrj + r'X^A)] = o. 

Therefore, 4>(x k Di) = 0. 

Case 2: zd(</>) > 4. For any given coefficient c VjS in (4.2.43), one may take q G w\{fc, I, s}, 
since |u| = zd(</») + 1 > 5. Then [ri + r^a^D;] = and therefore, 

[Ti + r„ Yl c u,rX u D r ] = 0. 
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Furthermore, 

^ ^ &q£v,Cu,r% D r ^ ^ C u> qX Dq = 0. 
rGYi,u€B u 

Consequently, c„ jS = and then cj)(xkDi) = for all k,l £Y\ with k ^ I. Summarizing, 
we have <P(Sq) =0. □ 

Lemma 4.2.7. Suppose that <fi G Der(5,W) is a homogeneous derivation of positive 
odd TL-degree and 0(<S-i + Xs) = 0. Then (p(So) = 0. 

Proof. We first assert that 

(f)(xiDj) = for all i, j G Yq with i ^ j. 

Since zd(</>) is odd, by Lemma 2.1.1 one may assume that 

4>(xiDj) = c u,rX u D r where c u>r G F. 

reYo,u 

Since m > 3, one may take s G Yb \ j}- Clearly, 

[T s + r fc , XiDj] = for all k G Y x . 
Applying (f> to the equation above, we have 

} ] &k£uCu,r% D r — ^ ^ C MjS X -D s = 0. 

Consequently, 

<5fceuCu,r = for r G y \s; A: G Fi. (4.2.44) 
Take k e u. We obtain from (4.2.44) that c Ujr = for r G Y"o \ s. Thus 

^L> j ) = ^c u>s x u ^- ( 4 - 2 - 45 ) 

Applying 4> to the following equation 

[xjDj + r^Xj-Dj] = —XiDj for all G Y±, 
we obtain by using (4.2.45) that 

[•EjDj + T/j, ^ ^ c MjS x D s ] = — ^ ^ c u ^ s x D s . 

u u 

Then 

u u 

A comparison of coefficients shows that 

8keuC u ,s = -c u ,s for all k G li. (4.2.46) 



Derivations for the even parts of modular Lie superalgebras W and S 39 

Take k G u. Then (4.2.46) yields c UjS = for all u G B. Then we obtain from (4.2.45) 
that 

4>(xiDj) = for i,j G Yq with i ^ j. 

The assertion holds. 

It remains only to show that 

cj)(x k Di) = for k, I G Yi with fe ^ /. 

As in the above, we may assume that 

4>(x k Di) = ^2 c u , r x u D r where c u , r G F. 

r£Y ,u€M 

Clearly, 

[xjfcD/, Tj - Tj] = for i,j G Y with i / j. 
Applying (f> to this equation, we obtain that 

^ ] Cu,i% Di ^ ^ c u jx Dj = 
and therefore, c Uj j = c n> j = 0. Hence c u . r = for all r and all u. The proof is complete. □ 

Lemma 4.2.8. Suppose that <p G Der (5,>V) and (j)(W-i) = 0. // 

<j)(T 1 +T k ) = for all k G Y±, 
then there is D G Go such that {<f> — adZ))(<So) = 0. 

Proof. By Lemma 2.1.1, <j){xiDj) G for all z, j G Y with i / j. Then 

^(r 1 -r i ) = [^(xiA),^ J Di] + [xiA,0(^^i)] = o for ieY \i. 

We next show that 4>(xiDj) = for z, j G Yo with z / j. Find r G Yq \ {i,j}, since 
m > 3. Then 

4>{xiDj) = (f)([Ti — T r , XiDj]) = 0, 

since 0(1^ — T r ), </>(xj.Dj) G E(G). Finally, consider cj)(x k Di) for fc, I G Yi with k ^ I. 
We may assume that 

4>(x k Di) = ^2 fr D r where / r G A(n)i. 

For g G Yi \ {k, I}, we have [Fi + T q , x k Di] = and therefore, 

^2(T 1+ T q )(f r )D r -f q D q = 0. 
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Consequently, (Ti + T q )(f q ) = f q . This implies that f q = c£\x q for q G Y± \ {k, I}, since 
f q G A(n)i. Therefore, 

<j>(x k D l ) = ^2 c r x r D r + f k D k + fiDi. 

reYi\{fc,J} 

Note that [I^i + T k , cp(x k Di)] = 4>(x k D{). Then 

(ri + r fc )(/ fc )D fc -/ fc D fc + r fc (/,)A= c r x r D r + f k D k + f^. 

reY x \{k,l} 

Comparing coefficients we have 

c r = for r eY±\ {k,l}; 

(ri + r fc )(/ fc ) = 2/ fc; 

The last two equations imply that f k = and there is G F such that // = \ k ix k . 
Thus 

4>(x k Di) = \ u x k Di. 

Just as in the proof of Proposition 3.2.4, one may show from the equation above that 
there is D G Go such that 

(0-adD)(5b) = 0. 

□ 

Now we are able to characterize the homogeneous derivation space of nonnegative 
Z-degree. 

Proposition 4.2.9. Bei t (S, W) = adW t for t > 0. 

Proof. Clearly, adWt C Der t (5, W). To prove the converse inclusion, let 4> G Der t (<S, W). 
In the light of Proposition 2.1.6, we may assume that </>(«S-i) = 0. We treat two cases 
separately. 

(i) Suppose that zd(</>) is odd. By Lemma 4.2.4 and Corollary 4.2.3, there is E G Q 
such that 4> — adE vanishes on T$. Then Lemma 4.2.7 shows that 4> — a,&E vanishes 
on Sq. Clearly, (</> — ad£')(5_i) = 0. Now Corollary 4.1.4 ensures that 4> G adW and 
therefore, <j) G adW^. 

(ii) Suppose that zd(</>) is even. By Lemma 4.2.5, there is D G Qt such that 
O - adD)(r! + T k ) = for all A; G Y ± . If t > 0, then Lemma 4.2.6 implies that 
(<p — adD)((So) = 0. If t = 0, then Lemma 4.2.8 shows that there is E G Go such that 

— ad-D — adE 1 )^) = 0. Now, Corollary 4.1.4 ensures that <p G Der t (<S, W) is inner. 
The proof is complete. □ 

As an application of Proposition 4.2.9, we have: 
Proposition 4.2.10. Bei t (S) = &d(S + T) t for t > 0. 
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Proof. Just as in the case of Lie algebras, one may prove that iS is an ideal of S and 
T C Nor w (5) (cf. QUI!!]). It follows that ad(S+T) t C Der t («S). To prove the converse 
inclusion, let <p G Der£(5). One may identity cf) with a derivation of Dert(5, W). Then 
by Proposition 4.2.9, there is D G Wt such that <f> = adL> as elements of Der t (<S, W) 
and therefore, <p = aci -D as elements of Der t (5). Clearly, D G Noryy(5) t . Therefore, it is 
enough to show that Noryv(«S)t C (S + T) t . Let E be an arbitrary element of Nor>v(5) t . 
Then div([-Dj, E}) = for all i G Yq. Since div is a derivation of W to 21 and div(Z)j) = 0, 
it follows that A(div(£)) = for all i G Y . This implies that div(E) G A(n) t . 

If t = then div(£) G F. It follows that div(E-div(E)ri) = 0. Hence E G (S+T) = 
S + T. 

Suppose that t > 0. We contend that Norw(5)j C St- Assume that on the contrary 
that Nor>v(5)f St- Then there is E G Noryy(5) t \ St- Since div(E) G A(n), one may 
write E to be the following form 

E= Y c ul x u x i D i + c vk x v D k + G (4.2.47) 

such that 

div(E)= C ^°° U - Yl c vkD k (x") (4.2.48) 

and that no any cancellation occurs in the right hand side of (4.2.48), where Xq C 
Y ,Xi C Yd S7 C Ui< r <"B 2 r,fii C U 1<K n = iB 2r+ i; c ui ,c vk G F; G G S. Evidently, 

the assumption that Nor>v(5) t St secures that Xq ^ and f2o ^ 0, or, X\ ^ and 
fii 7^ 0- Assume that Xq ^ and ^ 0. Given w G Qo and j G A"o, choose r G w. It 
follows from (4.2.47) that 

Y d~ reu c u iX u XiDi+ Y ( S rev -S rk )c vk x v D k = [T r + Ti,E] - [T r + T 1 ,G] G S, 

since T r + Ti G S. Applying the divergence, we obtain from the equation above that 
Y S r€u c ui x u - Y ( S r& ~ S rk )c vk D k (x v ) = 0. (4.2.49) 

Note that 5 r ^ v — 5 rk = or 1. One should bear in mind, as remarked above, that no 
cancellation occurs in the right hand side of (4.2.48). Thus the nonzero summand c w jX w 
in the first sum in the left hand side of (4.2.49) cannot be cancelled, contradicting to 
that the right hand side is zero. 

It remains to discuss the case that X\ ^ and S7i ^ 0. Given w G Oi and I G X\, 
one can choose r G w\l since \w\ > 3. Arguing as above one may find that c w iD[(x w ) 
is a nonzero summand in the second sum in the left hand side of (4.2.49), which cannot 
be cancelled by the same token, contradicting that the right hand side is zero. 

So far, we have proved that Noryy(iS)t C St for t > 0. Summarizing, the proof is 
complete. □ 

Remark 4.2.11. Our original idea is to study the derivation algebra Der(5) rather 
than the derivation space Der(<S,W), which contains the former in the obvious sense. 



Derivations for the even parts of modular Lie superalgebras W and S 



42 



But, in practice, it is convenient and effective first to study the derivation space 
Der(<S, W) rather than the algebra Der(<S). Our work had ever stopped for a time, 
since we observed that the natural Z-gradation is not admissibly graded (see Remark 
2.1.8). However, when we considered the derivation space Der(<S, W) and determined 
it at last, almost all problems were solved at the last moment. 

4.3. Derivation algebra of S 

In this subsection we first determine the homogeneous derivations of negative Z- 
degree of S to W. This combining with the results obtained in Section 4.2 will give 
the structure of the derivation space Der(5,W). Using these results we are able to 
characterize the derivation algebra Der(5). 

To compute the derivations of negative Z-degree, recall the generator set of S (see 
Proposition 2.2.3). We still adopt the notations 

TZ := {Duix^Xk) \ ieY ,k,le Yi} U {D^XiX^ \i,j £ Y , k, I G Yi} 

and 

Q = {Dij{x^) \i,je Y ,i^ j, a G N}. 

The following lemma tells us that a derivation of Z-degree — 1 of S to W is completely 
determined by its action on So. 

Lemma 4.3.1. Suppose that ip G Der_i(5,W) and <p{So) = 0. Then (p = 0. 

Proof. First of all, we show that <p(1Z) = 0. We shall use the following simple fact (by 
Lemma 2.1.1): 

<p{Si) <ZGoQ E(G). (4.3.1) 
Given i G Y , k,l G Yi, take j G Y \ i. Then 

[U - F^Duix^Xk)] = D u (x^x k ). (4.3.2) 

From (4.3.1) and (4.3.2), we obtain that 

^(Diiix^Xk)) =0 for i G Y , k, I G Yy. (4.3.3) 

By a same argument, we can also obtain that 

<p{Pu(xiX k xi)) = for all i G Yq, k, I G Yi. (4.3.4) 

It follows from (4.3.3) and (4.3.4) that ip(R) = 0. 

We next show that (p(Q) = 0. If a = 3, it is easily showed as above that (p{Dij(x^ a£j ^)) = 
0. Now suppose that a > 4. We proceed by induction on a to show that 

ip{D i j(x { - 0£ ' ) )) = 0, a>4. (4.3.5) 

By inductive hypothesis, 

^(Dijix^)) G S a _ 3 . (4.3.6) 
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If a is odd, then (4.3.6) ensures that 

(p(D i:j (x^)) = c u , r x u D r where c u , r G F. (4.3.7) 

reYi,tt€B _ 2 

Given any coefficient c VtS in (4.3.7), one may take k G v\r, since \u\ = a — 2 > 2. One 
may also take q G Yq \ {i,j}, since m > 3. Then 

[T k + T q ,D l3 (x^)}=0. (4.3.8) 

Applying ip to (4.3.8) and using (4.3.7), one gets c VjS = 0. Thus (4.3.5) holds. 
If a is even, by (4.3.6), 

p{D i3 (x^)) = Yl c u , r x u D r . (4.3.9) 

reY ,ueB a - 2 

Given any coefficient c VtS in (4.3.9), take k £ v,q £Yq\ {s, j}. Then 

[T k + r„ A,(* (a£j) )] = -SgjDijix^). (4.3.10) 

From (4.3.9) and (4.3.10), one may compute that c V:S = —6 q jC VjS . Therefore, c VjS = 
and (4.3.5) holds. This proves ip(Q) =0. □ 

Using Lemma 4.3.1 we can determine the derivations of Z-degree —1; in particular, 
they are all inner. 

Proposition 4.3.2. Dcr_i(5, W) = adVV-i. In particular, Der_i(5) = ad<S_i. 
Proof. Let <j> G Der_i(5, W). For % G Yq, suppose that 

<j){T v + Ti) = Y c i,r D r where c^ r G F. (4.3.11) 

r€Y 

Let j G Yq \ i. Then [Ty + Tj, Ty + Tj] = and therefore, 

Tv + r h <f>(r v + r,)] = [r v + r„ ^(rv + 

Then by (4.3.11), 

Cjj = whenever i,j EYq with i ^ j. 
Thus, by (4.3.11), one gets 

4>{Ti' + Ti) = Ci^Di where c M G F. (4.3.12) 

Obviously, 

TV + Ti, XiDj] = XiDj for i, j G Y with i / j. 
Using (4.3.12), we then have 

d^Dj + [T v + T u cPixiDj)} = <f>(xiDj). 
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Noticing that <fi(xiDj) G <S_i = W_i, we obtain from the equation above that 4>(xiDj) = 
Ci^Dj. Now let ip := 4> — J2reY Cr,r&dD r . Then 

^{Y v + Vi) = ^{xiDj) = for i,j G Y , i + j. (4.3.13) 

We want to prove that 

%j){x k Di) = for k, I G Y x with k + I. (4.3.14) 
To do that, we choose q G Y\ \ {k, I}. Then 

\r i + T q ,x k D l ]=0 foraUiey . 

It follows that 

+ F q ), x k Dr] + [Fi + F q , i/)(x k Di)] = 0. (4.3.15) 

Since ip(Fi + F q ) G W_i, we have [^(r? + r<?), = 0. Then (4.3.15) implies that 

[Fi, ijj(x k Di)] = for all i G Yq. Hence ip(x k Di) = 0, since ip(x k Di) G W_i. 
Similarly, we may check that 

ip{F v - F k ) = for all fc € Yi \ l'. (4.3.16) 

By (4.3.13), (4.3.14) and (4.3.16), ip(S ) = 0. By Lemma 4.3.1, we obtain that tp = 
and <p G adW_i. □ 

To compute the derivation of Z-degree less than —1 of S to W, we establish the 
following lemma. 

Lemma 4.3.3. Let (j) G Der_ t (<S,W), t > 1. Suppose that (f)(D ij (x^ t+1 ^)) = for 
all i,j G Yq. Then <fi = 0. 

Proof. First claim that 4>(Q) = 0. To that aim, we proceed by induction on q to show 
that 

(XAj(x (9£l) )) = foralH,jGY - (4.3.17) 

If q < t + 1, then (4.3.17) holds. Suppose that q > t + 1 in the following. By inductive 
hypothesis and Lemma 2.1.1, (f>(Dij(x^ q£i ^)) G Q q -t-2- Then one may assume that 

0(Ai(af (?e<) )) = X] c u , r x M Z) r where c u , r G F. (4.3.18) 

reY,|u|=g-t-l 

We treat two cases separately. 

Case (i): g — i > 3. For any fixed coefficient c UQ>ro in (4.3.18), choose k G uo \ ro since 
\uq\ > 2. Choose also s G Y"o \ { r o,i}- Then 

[r s + r fc , A,-^)] = -5 SJ (D tJ (x^)). 

Applying <f> to the equation above and then combining that with (4.3.18), one may 
obtain by a comparison of the coefficients of x u °D ro that 

c U(),r = ~dsjCu ,r - 
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Consequently, c uo>ro = and <p(Dij(x ( - q£i ')) = 0. 

Case (ii): q - t < 3. Note that q > t + 1 and then q-t-\ = l. Then rewrite (4.3.18) 
as 

<p(Dij(x( q£ ^)) = ^2 c Str x s D r where c s>r G F. 

s6Yi,r6Yi 

Arguing as in Case (i), one may easily obtain that c SyT = whenever s ^ r. Then 

<f>(Dij(x^)) = C r , r X r D r . 

Applying <\> to the identity [x s Di, Dij(x ( - q£i ')] = for s, / £ Yi, we have c SjS = q ; /. Let 
A := c r . r , r G Y\. 

Then 0(1^ (xfa 6 *))) = Ar'. Clearly, x t x s D r G S for /,s G Y"i,r G Y \ Note that 
[xix s D r , Dij(x( q£i ^)] = 0. Applying 4> to this equation, one has 

[xix 9 D r , XT'] + [tftxtXsDr), D^x^)] = 0. (4.3.19) 

Note that [xix s D r ,XT'] = -2Xxix s D r and 4>(xix s D r ) G «S_i. Then by (4.3.19), A = 0. 
Thus, (4.3.17) holds for all q and therefore, cj)(Q) = 0. 

We next prove that 4>(JZ) = 0. Since 1Z C 5i, zd(</>) < —2, it suffices to consider the 
case that zd(^>) = —2. Note that <j)(S\) C S-±. 

For i G Y , k,l G Yi, choose q G Yi \ /}. Then mr, + T" G 5 and 

K 5 + r", D u (x^x k )} = D u {x^x k ). 

Applying <fi, one gets 

<f>(D a (xWx k )) = [mT q + r", ( f>(D il (x^x k ))] = -^(D u {x^x k )). 
Since 4>(D u {x^x k )) G 

0(Ai(* (2ei) a*)) = for all i G Y , k, I G Yi. 
Note that nT q + V G So for g G Y and that 

[nT q + T', DjiixjXhXi)] = (2 - nSqijDjiixjXkDt) for i, j G Y , fc, I G Y : . (4.3.20) 
Assume that 

4>{Dji{xjX k xi)) = a r D r where a r G F. 

Then we obtain from (4.3.20) that 

-a q D q = (2 - n5 qi ) ^ a r D r . 

reY 

Since p / 3, it follows that a r = for all r G Yo. 
This proves that 

<fr(Dji(xjX k xi)) = for all i,j G Y , k,l eY 1 . 
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By Proposition 2.2.3, = 0. □ 

We are in the position to determine the homogeneous derivations of Z-degree < — 1 
of S to W. We first give the following fact. 

Proposition 4.3.4. Suppose that t > 1 is not any p-power. Then Der_ t (S, W) = 0. 
In particular, Der_ t (<S) = 0. 

Proof. Let <p G Der_ t (S, W). In view of Lemma 4.3.3, it is sufficient to show that 

0(Ai(^ ((m)£l) )) = foralH,jeYo- (4.3.21) 
We treat two cases separately. 

Case (i): t ^ (mod p). Recall T" = Er G Y r ^ Clearl y> mT k + T" G S for any k G Y x . 
By Lemma 2.1.2(viii), 

[mv k + r", A^ (t+1)£i )l = (t- i)A,(x (t+1)£i ). 

Applying (f> to the equation above, we have 

[mT k + r", 0(A,(* {m)£ <))] = (* - l)<XA^ (m)£l ))- (4-3.22) 
On the other hand, since (p(Dij(x ( - t+1 ^ £l )) G <S_i, 

[mr fc + r",0(A,(x ( * +1)£l ))] = -<MA^ (m)£ <))- (4-3.23) 
A comparison of (4.3.22) and (4.3.23) shows that (4.3.11) holds, since t ^ (mod p). 

Case (ii): t = (mod p). Write t to be the p-adic expression 

r 

t = a s p s where < a s < p and a r / 0. 

s=l 

Note that 

zd(Aj(a: ({ ^ pr+2)£j) )) =t-p r <t-2; 
zd(Aj(x (pr£j) Xi)) = p r - 1< t - 2, 
since t is not any p-power. Then 

0(Ai(x (( '- p " +2 ^ ) )) = <XA,(* (pr£j) x,)) = 0. (4.3.24) 
Direct computation shows that (by using the fact that ( = (mod p) ) 

[Ai(^ ((t - pr+2)£j) ), Ai(x( pr£ ^x 4 )] = + ^ Ai(x« m ^)). (4.3.25) 

Note that (*+/) ^ (modp). Applying <p to (4.3.25), we obtain (4.3.21) by using 
(4.3.24). ' □ 

Now we give the following 
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Proposition 4.3.5. Let t = f , r > 0. Then Der_ t (5,W) = span F {(adA)* I * G Y }. 
In particular, Der_ t (5) = span F {(adA)* | i G Yq}. 

Proof. Clearly, (adA)^ is a derivation of Z-degree — p r for any i G Yq and r G N. Let 
<fi G Der_t(<S, W). Consider the action of <f> on the element Dij(x^ t+1 ^) for i, j € Yb- 
Note that zd((/>(Aj(£ ({t+1)£l) ))) = -1. Suppose that 

cf)(D ij (x^ t+1 ^)) = ^ a ijr D r where Oijr € F. (4.3.26) 

r£Y 

For any s G Yq \ j, by Lemma 2.2.2, r& + r s G So for fc G Yi. Moreover, 

[r k + r s ,D ij (x« t+1 ^)} = s si (^x^D j = o, 

since (*) = (mod p). Applying <f> to the equation above, we have 

a ijs = for s G Y \ j. 
Therefore, we obtain from that (4.3.26) that 

4>(D ij (x« t+1 ^)) = a ijj D j . (4.3.27) 

Observe that 

[Aj(z ((t+1)£i) ),ZjA-] = Ar(a; ((t+1)£l) ) for i,j,r G Y with r ^ 
Applying 0, we obtain from (4.3.27) that [a,ijjDj,XjD r ] = ai rr D r . Consequently, 

O'ijj — O'irri i 7^ 3i ^ 7^ ^ - 

Write a« := a« rr for r G Y"o \ i. Put 

\l> := (j) — ^2 Or(adA)*- 

r€Yo 

Then ^ G Der_ t (<S, W) and for all i, j G Y"o with i / j, we have 

V(Aj(x ((t+1)ei) )) = <KA,(* ((t+1)£i) )) - ^ ^(adA^A,^ 1 ^)) 

rGYo 

= aiDj — aiDj 
= 0. 

Lemma 4.3.3 ensures that ^ = 0; that is, </> = J2 r eY «r(adA)*- The proof is complete. 

□ 

Now we can describe the derivation space Der(5, W) and the derivation algebra 
Der(S). 
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Theorem 4.3.6. Der(S, W) = ad(W) © span F {(adA) pri \i€Y ,l<n< U}. 

Proof. This is a direct consequence of Propositions 4.2.9, 4.3.2, 4.3.4 and 4.3.5. The 
proof is complete. □ 

Theorem 4.3.7. Der(S) = ad(5 + T) © span F {(adA) pri \ i € Y , 1 < r { < U}. 
Proof. This is a direct consequence of Propositions 4.2.10, 4.3.2, 4.3.4 and 4.3.5. □ 

5. Outer derivation algebras 

Let q be a Lie algebra. Denote by Der ou t(0) := Der(0)/adg the outer derivation 
algebra of g. Using the results obtained in Sections 3 and 4, we shall determine the 
outer derivation algebras of W and S. 

Recall the our notations 21 := 2l(m, n;t), W := W(m,n;t), and S := S(m,n;t), 
where m,n are integers at least 3 and t := (t±, t2, ■ ■ ■ , t m ) £ N m is an m-tuple of 
positive integers. We use still the symbols 7Tj := p li — 1, it := {tt\,tt2, ■ ■ ■ ,vr m ) € N m . 
Recall the canonical torus of W, denoted by T := span F {r r | r G Y}, where r r := x r D r . 

Since the full superderivation algebra Der(2l) is a restricted Lie superalgebra (see [6] 
and [12]), one see easily that Df <G Der(2t) and adDf = (adDj) pr for any i £ Yq and 
r G No, where ad is the adjoint representation of the Lie superalgebra Dcr(2l). Put 
J := span F {Df | i G Yq, 1 < rj < ti}. Note that both T and J are contained in the 
even part of the Lie superalgebra Der(2l). 



5.1. The outer derivation algebra of W 

Lemma 5.1.1. J is a (X^gy U — m)- dimensional abelian Lie-subalgebra of Der(2l) 
and [J,T] =0. 

Proof. Since [Di,Dj] = 0, J is abelian. By the formula (1.2.1), [J ,T] = 0. Applying 
Z)f 1 to all basis elements of 21 of the form x^ j£j \ one may show that {Df 1 | i G Yq, 1 < 
rj < ti} is Fdinear independent. The proof is complete. □ 

Now we can characterize the outer derivation algebra of W. 
Theorem 5.1.2. Der out (>V) is an abelian Lie algebra of dimension Y2i£Yo ~ m - 
Proof. This is a direct consequence of Theorem 3.2.11 and Lemma 5.1.1. □ 

As a direct consequence of Theorem 5.1.2, we give the dimension formula of the 
derivation algebra of W. 

Corollary 5.1.3. dim F (Der(>V)) = (m + n)2 n " 1 p Eiey o u + J2 ie Y U ~ m - 

Proof. Note that dim F W = (m + n)2 n ~ 1 p^ teY o **. Since W is centerless, the dimension 
formula is a direct consequence of Theorem 5.1.2. □ 
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5.2. The outer derivation algebra of S 

To study the outer derivation algebra of S, we first establish the following lemma. 

Lemma 5.2.1. (i) T C Nor w (5); (ii) J C Nor Dcr(2t) (S); (hi) T C Nor w (S); (iv) 
J C Nor Dc r(2i)(<S)- 

Proof, (i) Since the divergence is a derivation of W to 21, we have 

div([r r , E]) = r r (div(£)) for all r G Y, £ G W. 

The assertion follows. 

(ii) Note that Df 1 and D s commute. Using the formula (1.2.1), we have 

[Df , fD s ] = Df (f)D s where i G Y , s G Y, f G 21. 

Furthermore, div([Df *, /-D s ]) = -Df 8 (div(/D s )). Since div is linear, (ii) holds. 

(iv) Just as in (ii), one may obtain that [Df \D rs (f )] = D rs (Df *(/)) for r, s G Y, 
f G 21. Therefore, (iv) holds. 

(hi) The proof is analogous to the one of (iv). □ 

Let S := S + T + J. By Lemma 5.1.1 and 5.2.1(i), (ii), 5 is a subalgebra of Der(2l). 
We need the following lemma. 

Lemma 5.2.2. S is an ideal of S; in particular, S is an ideal of S. 

Proof. The hrst assertion is direct, since S is an ideal of S. Then the second follows 
from Lemma 5.2.1(iii) and (iv). □ 

Proposition 5.2.3. Der ou t(5) ^ S/S. 

Proof. By Lemma 5.2.2, the mapping S — > Der(<S), E i— > (adi?) |s is well defined. By 
Theorem 4.3.7, it is an epimorphism of Lie algebras. Assert that it is also injective. It 
suffices to show that the centralizer 0^(5) of S in S is trivial. 

Clearly, C W (S) C Q, since 5_i = W_i. Then C W («S) C Cg(S) C Cg(5 ). Using 
Lemma 2.1.2, one may verify by an elementary computation that Cg(5o) = 0. Conse- 
quently, Cw('S) = and therefore, C^ +r (S) = 0. On the other hand, using the identity 

that \D\ \ D rs {f)] = D rs (Df '(/)) for r, s G Y, f G 2l(m), one may easily show that 
Cj-(5) = 0. 

Combing Cg +T (S) = with Cj(S) = 0, one may obtain that Cg(S) = 0, since S is 
spanned by certain homogeneous elements of Z-degree at least —1, but, J is spanned 
by certain elements of Z-degree less than —1. The proof is complete. □ 

We have the following dimension formula for the derivation algebra of S. 
Corollary 5.2.4. 

dim F (Der (t S)) = !^ + n ~ * + E, e y U-m + 2 n even; 

[ (m + n - l)2 n -V^V 1 + t { - m + 1 n odd. 
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Proof. By the proof of Proposition 5.2.3, Der(S) ^ S. Note that S = S ®¥ - T v ® J. 
By Lemma 5.1.1, it suffices to determine the dimension of S. By the definition of the 
divergence, it is easily seen that 

div(W) = span ¥ {x a x u | a G A, u G B, |u| even; \a\ + \u\ < \ir\ + n}. 

Therefore, dim F (div(W)) = 2 n ~ 1 p^ Y o **— 1, if n is even; dim F (div(W)) = 2 n - 1 p Eiey " **, 
if n is odd. Note that S = ker(div | w ) and that dim F (W) = (m+n)2 n - 1 p^ Y o u . Then 

dhn r( 5) = dim F (W) - dim r (div(W)) = { f> + " " * + 1 " 

[ (m + n- 1)2™ i p z - i e Y o 1 n odd. 

The proof is complete. □ 

We shall describe explicitly the structure of the outer derivation algebra of <S. If n(= 
\to\) is even, put := spanjx^-^a^A | i € Y }. Then is an abelian subalgebra 
of W. 

Let V be an abelian Lie algebra of dimension ^2 i€ y Let A G End F (^) be semisim- 
ple with eigenvalues and 1 such that dim F Vo(^4) = YlieY U — m and dimp Vi(.A) = m. 
Denote the semidirect product by Cs '■= F • A x V. Then £5 is a metabelian Lie algebra 
of dimension 1 + YlieY 

Theorem 5.2.5. (i) 7/n is odd ffoen Der out (5) zs an abelian Lie algebra of dimension 

1 + Eig>o *< - m - 

(ii) If n is even then Der ou t(5) is isomorphic to the metabelian Lie algebra Cs of 
dimension 1 + J2ieY 

Proof. According to [8, Proposition 2.8], we know that S = S © ^ if n is even; S = S 
if n is odd. Consequently, dimp(5) = diniF(<S) — m, if n is even; dimp(5) = dimir(<S), 
if n is odd. Then by Proposition 5.2.3, we have 



dim F (Der out (5)) 



1 + EieY U, n even; 

1 + J2ieY U-m, n odd. 

Again by Proposition 5.2.3, if n is jadd then Der out (5) = F • Fy © 3 is an abelian Lie 
algebra, since we have noted that S = S © F • IV © Z- 

It remains to consider the case that n is even. By Proposition 5.2.3, we obtain in 
this case that 

Der out (5) = (S + ¥ -Ty + J + <#)/S = («S + F • V v )/S © (S + J)/S © (S + «p)/5. 

Note that [TV, x (^^^)^ £).] = x^-^a^A, [IV, 3] = 0, [J", *p] C S. Now, astraight- 
forward verification shows that Der out (<S) = Cs- The proof is complete. □ 

Remark 5.2.6. According to the known results on the outer superderivation algebra 
of Lie superalgebra W and S (see [8, Theorems 2.4 and 2.12]), we conclude from 
Theorem 5.1.2 that, for the generalized Witt Lie superalgebra W(m,n;t), the outer 
superderivation algebra coincides with the outer derivation algebra of the even part 
Wq. We can also conclude from Theorem 5.2.5 that, for the special Lie superalgebra 
S(m,n;t), the same conclusion holds (that is, Der out (5) = Der out (S , Q)) if and only if n 
is even. 
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